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PREFACE. 



This book is intended as a course of Elementary Pure 
Mathematics, for the special use of those preparing 
for the Government Science and Art Examinations. It 
is not intended for very young boys, inasmuch as a 
certain amount of preliminary knowledge is expected 
from the student; and the explanations and examples 
might be held to be too difficult for those who had not 
at least laid a foundation of arithmetical science. But 
for such as usually submit themselves to the test of the 
"elementary stage," it is hoped that this volume will 
prove a serviceable and sufficient text-book. The com- 
piler has endeavoured to enunciate sound principles, 
neither more nor less than are necessary for the purpose, 
and to illustrate these principles in the clearest manner. 
In particular, he has tried to render the work acceptable 
as a teacher's handbook, being convinced that oral class 
teaching is infinitely more valuable, as it is certainly 
becoming more and more customary, than a painful 
process of book-poring on the part of the student. 

L. S. 
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MATHEMATICS. 



AKITHMETIC. 



Nmneration and Notation. 

1. If we set down one figure, or several figures side by 
side, we call that which we have set down a nnmber. 
Thus 3,472,569 is* a number, and represents ' three 
million, four hundred and seventy-two thousand, five 
hundred and sixty-nine.' The process of representing 
the number by words is called Numeration. Tbie process 
of representing the number by figures is called Notation. 

2. We commonly employ nine figures (in addition to 
for * nought ' or ' zero '), because in our decimal scale 
of notation we have other means of representing ten 
and all higher numbers. The number above given will 
serve as an example. The 9, in the right hand place, 
represents nine units, or ones; the 6, in the second place 
from the right, represents 6 tens; the 5, five hundreds; 
the 2, two thousands; the 7, seven tens of iJumsands; 
the 4, four hundreds of thousands; the 3, in the seventh 
place from the right, three millions; and so on, until a 
figure in the thirteenth place would represent so many 
millions of millions, or biUions. If, now, to the niunber 
above given we add 1, or one unit, we shall have alto- 
gether ten units, that is, one ten. This ten must go in 
the tens' place ; and the number would end with 570, 
' Gve hundred and seventy,' instead of 569. Similarly, 
if we had added to the same number one million, five 
tiiousand, two hundred and one — that is, 1,005, 201, we 
must write the result 4,477^770 — thatis^ 'four million^ 
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four hundred and seventy-seyen thousand, seven hundred 
and seventy.* 

8. It is clear then that the value of any figure in a 
Qiunber depends on its distance from the right-hand 
figure, increasing tenfold for every move to the left, or 
decreasing tenfold for every move to the right. Suppose, 
now, that we cease to mark off our numbers by commas 
after every third figure, as above, and write them thus, 
3472*569. The dot between the 2 and the 5 is employed 
to show that the figure 2 occupies the units* place. Con- 
sequently the 7 represents seven teris; the 4, four 
hundreds ; the 3, three thousands. And proceeding from 
the dot to the right, the 5 represents ten times less than 
if it were in the units* place ; the 6, a hundred times 
less ; the 9, a thousand times less. In other words, the 
5 represents five tenth-pa/rts of a unit; the 6, six Aww- 
dredth-parts of a unit ; the 9, nine thousandth-parts of a 
unit. Also, since the tenth is ten times as much as the 
hundredth, and the hundredth is ten times as much as 
the thousandth, the three figures on the right of the dot 
represent ' five hundred and sixty-nine thousandths* of a 
unit. And similarly, if the dot be moved one place to 
the left, the value of every figure will be made ten times 
less ; and if the dot be moved one place to the right, the 
value of every figure will be made ten times greater, 

4. This is what is meant by the * decimal scale of 
notation,' or the ' decimal system.* The figures on the 
left of the dot represent a 'whole number,' and tiie 
figures on the right of the dot represent a ' friaction ' of 
one umt, or (when written in this form) a * decimal frac- 
tion.' If no dot is present, the figures will represent a 
whole nmnber, and the dot might be understood to be 
present on the right of the units' place. 

6. — Examples. Numeration and Notation. 

I. "Write out in words the following numbers: 17; 
635; 8972; 13461; 333570; 1912568; 3015670; 
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2342601 ; 101010101 ; 325000010 ; 8570601101 ; 
320560707; 32563010011672009. 

II. Write in words: 3-1; 12-31; 625-625; 56718-01; 
312-5607; 1-0001; 523467-101; 10000*00001; -3; 
•301. 

III. Make the number 325*607 ten times less; ten 
times greater; a hundred times less; a hundred times 
greater ; — ^writing out the results in words. 

IV. Multiply 567*25 by 100; and divide the same 
number by 10000 ; — writing out the results in words. 

V. Why are the final noughts in 6*100 unnecessary? 

VI. Write in figures the following numbers : seven 
hundred and seventeen ; eleven hundred and ninety-one ; 
three thousand and three; thirty-one thousand and 
thirty-one; one hundred and one thousand and one; 
one million one hundred thousand one hundred and one ; 
one billion one million one thousand one hundred and 
one. 

VII. Write in figures : one and one tenth ; fifteen and 
seven tenths; thirty-five and thirty-five hundredths; 
sixteen thousand and sixteen thousandths ; one hundred 
and ten and fifty thousandths. 



The Fundamental Bales, Applied to Whole Numbers 

and Decimal Fractions. 

6. Rule. — To add together two or more numbers, set 
them down in a column, units under units, tens under 
tens, and so on toward the left; and if there be any 
decimal fractions, tenths imder tenths, and so on to the 
right. Then, beginning at the right, add up the first 
column of figures. If the sum is less than 10, set the 
figure down underneath, and go on to the next column. 
If the sum is 10 or more, set down the right-hand figure, 
and carry the other to the next column. Now add up 
the second column^ and proceed in like manner, up to tho 
last figure-column on the left. 
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Thus— 



378 

6391 

852883 

159 

90000 
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3263-69 

85-001 
94576-32525 
11 
12-01 


949811 


97938-12625 



1 182 211 1 

7. Rule. — To subtract one number from another^ set 
the least under the greatest — ^units under units, &c., as 
above. Subtract the right-hand figure of the bottom 
number from the figure above it, and set down the re- 
mainder underneath. If, however, the lower figure is 
greater than the one above it, increase the latter by 10 ; 
then subtract, set down the difierence, and decrease the 
top figure of the next column by 1. Proceed as before 
to the last figure-column on the left. 

Thus— 



5681253 


3265-298 


835185 


98-5493 


4846068 


3166-7487 


1 1 11 


111 11 



Here in the first example, since we cannot take 5 from 3, 
we borrow ten from the fifty ^ and take 5 from 13 : the 
remainder being 8. Then we have to take 8 (tens) from 
4 (tens), instead of from 5 (tens), because we have pre- 
viously transferred one ten to the units' column. — In the 
second example we begin by taking 3 from 10: for the 
fraction -298 means the same thing as -2980. 

8. Rule. — To multiply one number hy another. If the 
multiplier be a single figure, multiply by it the units* 
figure of the number to be multiplied. If the product 
thus obtained be greater than 9, set down the units in 
the units* place, and carry the tens. Then multiply the 
tens* figure of the multiplicand by the multiplier, and add 
to the product the tens carried from the units' place; and 
so on. If there be a tens* figure in the multiplier, pro- 
ceed with it in the same manner, but set down the first 
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figure of the result in the tens* place. If there be a 
hundreds' figure in the multiplier, set down the first figure 
of the product in the hundreds' place. And so forth. 
Then add up the separate results. 

Thm—(muUiplicandJ 345926 342*25 

(mtUtiplierJ 49 3 84 

3113334 1369 00 

1383704 27380 

16950374 102675 



131424 



In the second example, since there are no hundredths nor 
tenths in the result, we dispense with the noughts; and 
as the multiplication of a fraction by a whole number has 
produced a whole number, we need not place the 'decimal 
point' after the units' figure 4. 

9. Rule. — To divide one number by anotJier, Take as 
many figures from the dividend, beginning from the left, 
as are sufficient to make a number greater than the 
divisor; divide this number by the divisor, and set down 
the quotient as the firat figure of the result. If this first 
division leaves any remainder, place the next figure of 
the dividend on the right hand of this remainder, and 
divide the number thus made up by the divisor, setting 
down the quotient on the right hand of the former 
quotient. And so forth. 

Thus — divisor dividend divisor dividend quotient 
11) 6934237 11)6934237(630385 

quotient 630385— 2 rem, 66 

80406 33 

33 

042 
33 

93 
88 

57 
55 

2 remainder. 
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The first of these modes of arrangement is the shortest, 
and may be employed whenever the divisor is so small as 
to permit the successive acts of division and subtraction to 
be performed in the head. The student will do well to 
mark the identity of the process in the two cases. 

10. When we break up the divisor into fractions, it 
often happens that several, or all of the successive steps 
give us a remainder; and the true remainder of the com- 
plete division must be found by combining the partial 
remainders in the manner indicated below : — 



1260 



4 )69284325 
5 )17321081— 1 
9)3464216—1 x 4 



T. R. = l+4 + 160 + 540 



7 )384912— 8 x 5 x 4 ^ ^^^ 

54987—3 X 9 X 5 X 4 

For the second dividend is a number oi/ou/rs ; the third, 
a number of twenties ; the fourth, a number of one hun- 
dred and eighties, .The accuracy of the result may be 
tested by .working the example by long division, when 
the true remainder is the last result of the 2)rocess. 

The accuracy of our work in .any of the fundamental 
processes may be tested by employing the results in the 
reverse process ; as in the following simple example. 

Division. 1260)69284325(54987 Proved by 54987 

6300 quot. MvUiplication, 1260 

6284 3299220 

5040 109974 

12443 ^^987 
11340 705 rem. 

^11032 69284325 
10080 

9525 
8820 

705 T. R. 
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11. Rule. — To muUiph/ or divide one decimal fraction 
or mixed nvmber by a/nother. Proceed as in the multipli- 
cation or division of integers. If after dividing there be 
a remainder over, or if the figures in the dividend repre- 
sent in the first instance a smaller number than that 
represented by the figures of the divisor, assume any 
number of noughts after the right hand figure of the 
dividend, and proceed with the division until there is no 
remainder, or until a given number of decimal places is 
attained in the quotient. Then (1.) in tlie restdt of 
multiplication, point off as many decimal places as will 
amount to the s^im of the decimal places in the multi- 
plicand and the multiplier; and (2.) in tlie result of 
division, point off as many decimal places as will amount 
to the difference of the decimal places in the dividend and 
tlie divisor, remembering to count the noughts assumed 
in the dividend as representing decimal places. Thus — 

2*3257 multiplicand, dividend, 

*563 multiplier, divisor •25)1 •32575(5-303 quotieiU, 
69771 1_25 

139542 75 

116285 75 



I'ZO^^mi product 075 

75 

• 

•6125)5-2500(8-57U 
4 9000 

(5-25 -s- •6125) 35000 

30625 



43750 

42875 



8750 
6125 

26250 
2450J3 

1750 
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Tti the last example it will be observed thai, though 
there is a remainder over, we point the quotient accord- 
ing to the rule, reckoning eight places of decimals in the 
dividend. We have really divided 5 25000000 by -6125; 
our quotient is 8*5714, and our remainder is -00001750. 

12. — Examples. Fundamental Bules. 





A 


B 


C 


1 


12 


81689543 


269612-5412 


2 


69 


69991258 


184383-184 


3 


325 


28983492 


126425-92 


4 


547 


26894326 


94398-64324 


6 


853 


25785432 


93639-24 


6 


6918 


13729854 


93295-4368 


7 


7854 


11639432 


998-135464 


8 


9237 


8698751 


884-53201 


9 


86543 


1437629 


800-01001 


10 


92785 


983595 


543-2548 


11 


8329857 


480989 


483-248 


12 


9505876 


165438 


48-20060 



(1.) Add together the numbers in these columns, taking 
them two, three, four, &c., up to twelve at a time. 

(2.) Subtract any number in (B) or (0) from any num- 
ber afeove it. 

(3.) Multiply any number in either column by any 
other number. 

(4.) Divide any number in (B) by any of the first ten 
numbers in (A). 

j6.) Divide any number in (C) by any number in (A). 

[6.) Divide any number in (C) by any other number in 
the same column. 

^7.) Prove the results in the first six cases of each ex- 
ercise by the processes indicated in § 10. 

Fractions Considered as Ratios. 
Vulgar Fractions. 
18. A. ratio is a comparison of the magnitudes of two 
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quantities. The numerical value of a ratio is obtained by 
dividing one quantity by the other. Hence every ratio 
represents a quotient, which may be obtained in the form 
of a whole number or a decimal fraction by the actual 
process of division. 

Examples of ratios. The ratio pf 4 to 2 is expressed as 
f ; the numerical value of which is 4 divided by 2, 
(4 -f 2) = 2. So the ratio of 121 to 4 is expressed by 
ifS = 30-25. The ratio of 6s. 9d. to £1. Os. IJd. is 
expressed by 

68. 9d. _ 162 halfpence _ QQ^. 
£1.0s. IJd.' " 483 halfpence" 

14. The ratio | signifies 1 -r 2, or " one unit divided 
into two equal parts." Thus J may be called "one-half;" 
and therefore represents a fraction of one unit. So f 
signifies 2 -r 3, or " two units divided into three equal 
parts," which is equivalent to " twice as much as one- 
third of one unit," or " two-thirds." Similarly |^ signifies 
"fifteen times the seventeenth part of one unit." All 
ratios represented in this form are called vulgar or ratio 
fractions. They are called proper vulgar fi^actions when 
their value does not exceed one unit; as J, yf ; — ^and 
improper vulgar fractions when their value e^tceeds one 
unit ; cus f , ^. 

16. The upper number in a vulgar fraction is called 
the niuneratory because it gives us the number of frac- 
tional parts taken; the lower number is called the 
denominator, because it gives us the name of the fraction : 
that is, it shows into how many equal parts the unit is 
considered to be divided. Comparing decimal fractions 
with vulgar, we may conceive a decimal to have for a 
denominator 1, followed by as many 0*s as there are 
figures on the right hand of the dot, whilst these latter 
" significant" figures may be regarded as the numerator. 

Thus -1 = T^; -25 = x'W = i; 1*3 = H- 
16. If we wish to convert a vulgar fraction into a 
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decimal, we have to find a new numerator and denomi- 
nator bearing to each other as nearly as possible the 
same ratio as the old ones, at the same time that the 
denominator is some power of 10. Occasionally this 
may be done by in8{)ection. Take, for instance, \, ^, ^7, 
j-J^. Here the equivalent ratios will manifestly be T*jy, 
t'(j» t Jtt> ttAtu respectively; and the decimals will be ex- 
pressed as '5, '2, *04, '008. But, if the decimal ratio is 
not immediately manifest, we must divide the numerator 
of the vulgar fraction by the denominator, supplying 0*s 
in the dividend successively as long as we require them. 
Take the case of f . When we have t\q / aoqk 
supplied one in the dividend, the n^K'^^^^"- 
decimal is '4 ( = -j^q). When we have — 

supplied two 0*s, the decimal is '42 ^^ 

( = xVzr)' When we have supplied three ^^ 

0% the decimal is -428 (= ^%%%); and 60 

so on. It is manifest that each sue- 56 

cessive figure in the decimal makes the 40... 

latter more nearly equal to the value 
of f : the respective errors in the above cases being ^, 
tijsf TT^u- i^ *^® division terminates without a re- 
mainder, we have found a decimal which is the exact 
equivalent of the vulgar fraction. If we have reason to 
believe that the division will not terminate, we may stop 
short at any point, knowing that after four or five places 
of decimals the difference in the value of the vulgar and 
decimal fractions will be extremely small.* 

Whenever we stop the division, we must point the 
decimal according to the rule given in § 11, accounting 
for the O's assumed in the dividend. 

When the division does not terminate without re- 
mainder, the decimal is called indeterminable. As 
will hereafter be shown, the decimal will be indeter- 
minable whenever the denominator of the vulgar fraction 

* A farther explanation of this process is given in th9 Ap« 
pen^x to the Algebra. 
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contains any other factor than 2 and 5, the measures of 
10 (see § 28). 

17. Hence we have the following rules. A decimal 
fraction may be converted into a vulgar fraction by 
taking the significant figures of the decimal for a nume- 
rator, and for a denominator 1, followed by as many O's 
as there are decimal places on the right of the point. 

A vulgar fraction may be converted into a decimal by 
dividing the numerator by the denominator, supplying 
O's in the numerator as often as required, and pointing 
the result at any assigned stej) according to the number 
of O's then assumed. 

18. The ratio, or comparison of magnitude, between 
the numerator and denominator of a vulgar fraction, 
must be equivalent in value to the ratio between the 
doubles, trebles, quadruples, &c., of these quantities;* 
since the one will still be the same number of times 
greater or less than the other. 

Hence, a vulgar fraction may be reduced to lower 
terms, without altering its value, by dividing numerator 
and denominator by any common divisor. 

• Thus tVit = i; fS8 = m- + tVi) = 2i. 
This reduction has frequently to be made after con- 
verting a decimal into a vulgar fraction. 

19. A whole number followed by a fraction is called a 
mixed number. Thus 2*25, or 2^, is a mixed 
number. It is clear that a mixed number is equivalent 
to an improper fraction. 

ffence, an improper fraction may be reduced to a mixed 
number by dividing the numerator by the denominator. 
The integral quotient will be the integral part of the 
mixed number, and the remainder left from the nume- 
rator will be the numerator of the new fmction, which 
will have the original denominator. 

(Thus W = 52tV.) 
♦ See Geometry, Ax. &, 
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20. Again, since one unit is equivalent to two halves, 
three thirds, four fourths, &c., two units are equivalent 
to four halves, six thirds, &c.; and so forth. 

Thus, 2 = i; therefore 2^ = f ; 12 J (= iaJLjJla.) = »^, 

21. Hence, a mixed number may be reduced to an im- 
proper fraction, by multiplying the whole number by the 
denominator, adding in the numerator, and setting down 
this sum as a new numeiutor over the originsd deno- 
minator. 

22. Hence, also, a whole number may be expressed as 
a fraction with any given denominator. 

Thus, 5 = i-^Li = y ; or, according to the last rule, 

6 = 5? = V- 

Multiplication and Division of Ratio Fractions. 

23. The numerical value of the ratio of 3 to 4, or of |, 
will be increased by increasing the nmnerator, and de- 
creased by decreasing the numerator. Again, it will be 
increased by decreasing the denominator, and decreased 
by increasing the denominator. Thus — 

Jx5 = V,or, =-i-; and|-r-5=l±5., or =^. 

24. Hence, to multiply a vulgar fraction by a whole 
number, midtiply tJie numerator, or divide <Ae denom- 
inator. — To divide a vulgar fraction by a whole number, 
divide the numerator, or multiply the denominator. 

(In either case it is better to divide if possible, since 
this gives the result in its lowest terms. Thus — 

^^ X 5 = f = 2^. ; ig -^ 2 = J§, where the division 
cannot be performed.) 

25. Again, it is clear that | x ^ = «-21» x ^ = «-2L6 

26. Hence, to multiply one vulgar fraction by another, 
multiply the numerators for a new numerator, and the 
denominators for a new denominator. — To divide one 
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vulgar fraction bj another, invert the divisor-fraction^ 
and multiply. 

27. It was just seen that f x ^ = ^f = |^. Nowthe 
factor 2y which was struck out of 10 and 18, might have 
been struck out of the original fractions } and f . Thus-^ 

8 8 

This process is called cancelling the factors common to 
numerators and denominators. 

28. A factor of a number is one which will divide it 
without remainder. Thus 2, 3, 4, and 6 are separately 
factors of 12; whilst 2 and 6, or 3 and 4, are factors com- 
posing, or equivalent to, 12. The factors of a number 
are also called its measures. 

29. Again, 2 is called a common measure of 12, 20, 
and 32 ; and 4 is another common measure of the same 
three numbers. It is clear that 4 is the greatest com- 
mon measure of these three numbers. 

30. A number which is divisible by another without 
remainder is called a multiple of it. Thus 12, 20, and 
32 are multiples of 2. 

31. Again, 48 is a common multiple of 6, 8, and 12. 
So also is 24. And it is clear by inspection tiiat 24 is 
the least common multiple of 6, 8, and 12. 

32. A number which has no measures is called a 
prime number. Thus 3, 7, 19 are primes. 

(. 

Addition and Subtraction of Ratio Fractions. 

33. In order to express the sum of two or more vulgar 
or ratio fractions as a single fraction it is clearly neces- 
sary that the fractions should first be reduced, so as to 
have one common denominator. (Thus we cannot im- 
mediately add together \ and |. It is necessary to observe 
that^ = A> and that J = *V Then^ + i = ^^^ = ih) 

84. MencCf in order to add together two or more vulgar 
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fractions, find iihe least common multiple of their denom- 
inators, and take this for the common denominator. 
Multiply each numerator by the factor introduced into 
the corresponding denominator; and add together the 
numerators thus obtained. — ^Proceed in a similar manner 
for subtraction. (Thus — 

35. If the denominators are large, or many in num- 
ber, so that the least common multiple is not evident by 
inspection, it must be foimd by another method, which 
generally requires the use of the greatest common measure. 

To find the G. C. M. of two numbers, divide the great- 
est by the least, then the divisor by the remainder, and 
so forth, until there is no remainder. The last divisor 
will be the G. C. M.*— 

If the G. C. M. of more Thus— G. C. M. of 1107 and 
than two numbers be re- 1845. 
quired, find the G. C. M. of 1 107)1845(1 
any two ; then the G. C. M. 1107 

of the result and the third; ~T38)1107(1 

then the G. C. M. of the 733 

last result and the fourth; 
and so on. The last G. 0. 
M. will be the G. C. M. of 
aU. 



369)738(2 
738 

G. C. M. = 369. 



36. To find the L. C. M. of two numbers, find their G. 
C. M. ; divide one number by the G. C. M., and multiply 
the quotient by the other number. (Thus, to find the 
L. C. M. of 1107 and 1845. Their G. C. M. is 369. 
Therefore the L. C. M. = y^ ^ 1845 = 3 x 1845 = 5535.) 
— ^For more than two numbers, proceed as for G. C. M., 
two at a time. 

37. All that is necessary is to provide that no common 
factor of any two of the original numbers enters more 

*The reason for this Enle is best explained by Algebraical 
symbols. See Algebra, Appendix. 
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than onoe into the composition of the L. C. M. Hence 
the following method is often simpler in practice : — 

Required the L. C. M. of 36, 54, 50, 9, 120, 252. 

36 = 2x2x3x3 -] 

54=2x3x3x3 

50 = 2 X 5 X 5 I L.C.M. = (2 x 2 x 2) x (3 x 3 x 3) 

9 [ X (5 X 5) X 7. 

120 = 2x2x2x3x5 =8x27x25x7. 

252 = 2x2x3x3x7j = 37800. 

Here the numbers are all broken up into primes. We 
take the 2 X 2 X 2 from 120; the 3 x 3 x 3 from 54; the 
5x5 from 50; the 7 from 252 ; omitting these factors 
when thej occur again. The 9 is cancelled at first, be- 
cause it is contained in 36. 

88. A complex fraction is one in which the numerator 
or denominator is itself a fraction ; as in the following 
eiKtmples: — 

L^ = I X ^ -i. 1^ =-J X ^ X II = 1. 



2(i?f A)=| X I- X T^r ^(^ X g) = f X I X VV = V X & 
VrOf-S 

= V<?=56tV 

89, The word " of" after a fraction is a sign of multi- 
plication. Thus, f of 31 = three sevenths of 21 = 3(21 -5- 7) 
= 3x3 = 9. 

40. — ^Examples on Fractions. 

I. (§ 15). Reduce to decimal fractions ^, i, -J, J, i^ ; 

II. (§ 16.) Reduce to vulgar fractions -625, -815, -362, 
•8, 125, -3125; 63-25, 8-45, 10-01, 5-0001. 

in. (§ 17.) Reduce to lowest terms /y, ^/V, J J, ||, ^,\; 
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lY. (§19.) Beduceto improper fractions 2^, 3}, 4|y 
5A, 6i ; 23V'», 45t, 9||i, 8iJ|, 82^^^. 
Y. (§ 21.) Beduce to mixed numbers i, f, V, f f, ff, 

Vs'. W, Vb*, VA'- 

YI. (§22.) Express 7 with denominators 6, 3, 12, 21; 
12 with denominators 9, 13, 20 ; 32 with denominators 
3, 4, 11, 60. 

YIL (§ 23-27.) f X 5, 7, 12 ; if X 8, 12, 26, 169 ; 2^ 
X 6, 8, 11 ; 6t«V X 8, 16, 24;— f X Jt X w X H; f x ^ ^ 
iVff; 3ix5TVx«x3i;— i-r7, 8, 12; ,^^-^8, 14, 21; 
T*rxf-5-Tflr>^A5<H"^832. 

YIII. (§ 29-32.) The G. C. M. of 24, 96, 144; of 22, 
121, 110; of 81, 729, 336 ; of 147, 700, 497, 350; and 
the L. C. M. of 6, 8, 12 ; of 5, 16, 10 ; of 9, 12, 120 ; of 
8, 9, 12, 72, 288. 

IX. (§ 35.) G. C. M. of 1130 and 791; of 72 and 
1728 ; of 12321 and 999 ; of 231 ajid 3465 ; of 3915 and 
4437. 

X. (§ 36, 37.) L. C. M. of 24 and 48 ; of 96 and 144; 
of 12, 16, 24; of 18, 22, 40, 99; of 8, 12, 16, 18, 20, 
24; of 6, 7, 8, 9, 10, 12, 560, 1080. 

XL i + i + *+A; * + «+*; i + i«y + TV + /iy; 2J 
+ 4i + 8» + 7A; A + l + 7i-A; 8t + 5i-6i. 

XII. (§ 38.) Reduce to lowest tei-ms 3(i of 18) ; -ft of 
42 • ^AlB . i_?161o^ . T\[3-A(5i-|)] • 

Proportion. 

41. When the ratio between two quantities is equal 
in numerical value to the ratio between two other 
quantities, the four quantities are said to be in propor- 
tion. (Thus, I = f ; and 2, 3, 6, and 9 are in proportion.) 
This may be expressed by saying that '^2 is to 3 as 
6 to 9;" or symbolically, 2 : 3 : : 6 : 9. 

42. Multiply the equal fractions | and } by 3 x 9 ; 
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the products must be equal. Therefore ^JUJLs. = njliilA ; 
that is2x9 = 6x3. ffence the product of the first 
and last terms of a proportion (ihe extremes) is equal to 
the product of the second and third terms (the means). 

43. Again, since 2 : 3 : : 6 : 9, and therefore 2x9 
= 3x6, 2 = iilfi.: 9 = i^: 3=«lfiL: 6 = 4^«. 

Hence, if the two means of a proportion are known, and 
one extreme, the remaining extreme may be found by 
dividing the product of the means by the given extreme. 
Similarly, if the two extremes of a proportion are known, 
and one mean, the remaining mean may be found by 
dividing the product of the extremes by the given mean. 

44. It is manifest that the two means of a proportion 
may be interchanged without affecting its truth; as also 
may the two extremes. (Thus, since 2 : 3 : : 6 : 9, so 
2:6:: 3:9; 9:3::6:2; 9:6::3:2. Similarly, 
since | = f,so| = »;| = f;* = f ) 

46. We have said that if (1st) : (2d) : : (3d) : a, a, 

= ^ — ' ^ — K If, then, any ratio is given, together with 
1st 

a 3d term, we can find 9,f(mrtK proportumtd to them ; 

that is, we can find a 4th term bearing the same ratio to 

the 3d as the 2d bears to the 1st. 

46. Suppose we have a question of this kind. " The 
wheel of a locomotive slips seven per cent, of its jou]> 
ney. How far does it slip in 1,000 miles 1 " 

Here the given ratio is that of 7 to 100 (7 "per oen- 
tum "), and ^e given third term is 1,000. Kepresenting 
the required number as cc, we are told that — 

a; is to 1,000 as 7 to 100 

or, X : 1,000:: 7 : 100 (A) 

.-. a? X 100 = 7 X 1,000 
« « 7000 _ .. 

•• "^ - Too" - ^^- 

47. It is convenient to set a; in the 4th term, and in 
the third term the number corresponding in its nature to 



22 ARITHMETIC. 

X. Now X = the amount slipped out of 1,000; and 7 
the amount slipped out of 100. Thus the 3d and 4th 
terms will be : : 7 : x. Comparing this ratio with (A), 
we shall conclude from § 44 that the proportion must 
now stand — 

100: 1,000:: 7 :x (B) 

It would indeed have followed from the definition oipro- 
portion that as a; is (manifestly) to be > 7, the 2d term, 
must be > the 1st. 

48. The ratio of the greater to the less is called a ''ratio 
of greater inequality ; '' and the ratio of the less to the 
greater a '' ratio of less inequality." It is clear that the 
second ratio of a proportion must be of the same kind as 
the first; that is, either of greater or of less inequality. 

49.— Examples on Peopoetion. 

I. Find a fourth proportional to 2, 3, 4 ; to 6, 9, 12 ; 
to 8, 11, 22; to 6, 9, 15; to 3, J, i; to 2^, 6j, 2. 

II. (1.) If 7 men count 23,165 shillings in 5 minutes, 
how long would 5 men be counting them ? 

(2.) If 8 sheep eat 596 turnips in a certain time; how 
many would 12 eati 

(3.) If I lose 5 pence out of every 100; how many shall 
I lose out of 17501 

(4.) If 32 men die out of a thousand; how many die in 
a town of 6125 inhabitants) 

(5.) If 5 out of 11 of my apples are bad, and I have 
968 apples; how many are bad? 

(6.) If 16 out of every 72 shillings represent profit ; 
how much is the gain per cent.? 

(7.) If I earn 12 shillings in 25 days ; how many do I 
earn in 625 days ? 

(8.) If I lose 12 per cent, of my books every year; 
how many do I lose out of a library of 725 volumes ? 
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Recurring Decimals. 

m 

50. It Las been shown that a decimal fraction may be 
expressed as a ratio, and a ratio as a decimal fraction. 
It will be found, however, that some ratios cannot be 
precisely expressed in a decimal form. 

Thus— 3)l-0(-33... 7)l-0(-U2857... 9)l-0(-l... 

' (i) 10 30 (i) L. 

_9 28^ 

1 20 

W It 

60 :.. 

56 - 



40 
35^ 

50 

1... 

61. In each of these examples it is clear that the divi- 
sion would never come to an end, the same figure or 
figures being repeated in the quotient periodicallj. Such 
fractions are called recurring or circulating decimals ; 
and they are represented by setting a dot over the figure 
which recurs, or over the first and last of the figures 

which recur. (Thus ^ = -3; 4. = -142857; J = -i.) 

62. In applying the fundamental rules to these deci- 
mals, it is clear that we can only, obtain accuracy to a 
certain number of decimal places ; and the result of any 
example into which a recurring decimal has entered 
must itself (if not reduced to a ratio) be a recurring 
decimal. 

53. The addition and subtraction of recurring decimals 
is simple, if two or three more places of decimals are 
taken than the number required in the result, so as to 
obtain the proper form of the resulting recuning decimal. 



24 ABITmiSTIC. 

M. Multiplioation and division are more complicated ; 
and in practice it is always better to reduce the recurring 
decimals to vulgar fractions, and, after obtaining a result, 
to reduce it agam, if necessary, to a recurring decimal 

S6« BuLE. — To reduce a recurring decmuU to a vulgar 
/racUon. Take the recurring figures for the numerator, 
and an equal number of nines for the denominator. 

(Thus •& = f = j; -142857 = HHH = +;•! = h) 
S6. It will sometimes be found that a decimal fraction 
consists of one or more figures which do not recur, fol- 
lowed by one or more figures which do recur. 

(Thus, rWff = -4284.) 
67< Rule. — To reduce a mixed recurring decimal to a 
vulga/r /raotUm* For the numerator subtract the non- 
recurring figures from the whole of the figures repre- 
senting the fraction; and for the denominatQr take as 
many ninea as there are recurring figures, followed by as 
many rmights as there are non-recurring figures.* 

(Thus, '4284 = ^^:^^ = mi = t%V 

68. — Becubring Decimals. 

I Add S'i + 14'526 + 625'i45728; 5-3 + 176 + 

3'4i23i; 176-2345 + 8972-61234 + 71-92, correct to 5 
places. 

II. Beduce to decimal fractions |, ^, ^, \, -^ ; 4, i, 

A, H; *J. 

III. Beduce to vulgar fractions -8,- 16, -327, 16-6345, 
•835, -91265. 

lY. Multiply -142857 by 7, 63, 81; 62123 by 4, 9, 

95; -1 by -16; -8 by -1625, correct to 5 places; and 
prove the results by reducing the decimals to ratio frac- 

* The reason for these two rules is best explained with the help 
of algebraical symbols. See Algebra^ Appendix. 
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tions, multiplying as ratio fractions, and bringing the 
resulting ratio to a decimal. 

V. Divide -16 by 5, 6, 11 ; -3242 by 8, 9, 172, correct 
to 5 places ; and prove the results as in the last case. 

Evolution.— Square Boot. 

69. It will be found on trial that if a number of one 
digit be multiplied by itself, the resulting square number 
will consist of one or two digits. The square of a number 
of two digits will consist of three or /our digits. The 
square of a number of three digits will consist of Jive or 
six digits; and so forth. Therefore, in proceeding back 
from &e square to the number squared, or the square rOOt, 
we shall know beforehand that this root will contain one 
digit for every two in the square. And it will appear, 
from the principles of decimal notation, that the units' 
figure of the root will be derived from the units', or 
units' and tens' figures of the square; the tens' figui*e of 
the root from the hundreds', or hundreds' and thousands' 
figures of the square ; and so on. 

60. We may therefore begin by pointing off the square 
number in periods of two figures, starting from the right. 
The process will then be as follows: — 

KuLE. — ^Take the greatest square number 
out of the first period on the left. Put the 
square root of this number in the result; set 
the square number under the first period, and 
subtract. Bring down the next period, and 
set it on the right of the remainder. Consider 
this increased remainder as a dividend, and for 
a trial divisor take twice the first figure of the 
result. Try this divisor into the new dividend 
as far aa what would represent its tens^ place, 
(Do not, however, accept a quotient if its pro- 
duct approaches too close to the partial trial 
dividend. Allow for a figure which may afterwards be 
carried from the right.) Set this quotient down as the 



The first nine 


square 


numbers. 


1 


1 


2 


4 


3 


9 


4 


16 


5 


25 


6 


36 


7 


49 


8 


64 


9 


81 
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second figure of the result, and also on the right hand of 
the trial divisor. Then multiply the whole divisor by 
the last obtained figure of the result; set the product 
under the dividend, and subtract. Now, for a new trial 
divisor double the number already represented in the 
result, and proceed as before. 

Example. — Find the square root of U814801. 

Here it will be seen that the first 14814801(3849 
trial divisor 6 is contained 9 times in 9 

58; but as the subsequent multiplica- go 
tion of 9 by 9 would give 8 to be 
carried to the left, thus producing ^J^ 
6 X 9 + 8 (= 62), we must hot ac- '^^ 
cept the nine, but take 8 in its stead. 
For convenience, instead of doubling 7689 



581 
544 



3748 
3056 



69201 
69201 



the result at each step for the new 
trial divisor, we may simply double the units* figure of 
the last divisor (the rest having been already doubled), 
adding in, if necessary, 1 to the tens* figure. 

61. If there is no exact square root of the number given, 
we may approach its value more nearly by working out a 
certain number of decimal places. The new periods to 
be brought down will of course be 00; the first such 
period producing tentli^ in the result, the second, hun- 
dredtlis; and so on. 

62. K we have to extract the square root of a decimal 
mixed number, the process will be exactly the same : the 
first period-dot going over the units' figure, and the others 
on alternate figures, right and left. 

Cube Boot. 

63. The method of finding the cube root of a number 
is based on similar principles to those stated in § 59. In 
this case the periods will consist of three figures. We 
begin \y^ taking the greatest cube number in the first 
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numbers. 
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27 


4 


64 


5 


125 


6 


216 


7 


343 


8 


512 


9 


729 



48627-125(36-5 
27 



21627 
19656 



1971125 
1971125 



period. For 

a trial divi- 
sor we take 27 

three times the 54 

square of the 36 

first fgwre in ""3276 

the result. 

Having tried 3 x (36) « = 3888 

this divisor 3 X (5 X 36) = 540 

into the divi- 25 

dend, up to 394225 

what would 

represent its hundreds^ place, and so found a 
second figure of the result, we now add to the divisor 
three times the product of the first and secorvd figures of the 
result, setting this triple product one place to the right of 
the former one. Thirdly, we add to these the sgua/re of 
the last figure of the result, setting it down one place 
to the right of the former one. We now add up these 
three components of the divisor, and multiply the sum 
by the last figure of the result \ and so forth. 

64. The difficulty of discovering each new figure of the 
result, by means of the trial divisor, is considerably 
greater than in the process for square root. It is often 
necessary to experiment on the sLsite or paper, especially 
when there are more than three periods.* 

65. The remarks made above, in reference to the 
extraction of decimal places in the root, are equally 
applicable here. 



66. — Examples on Evolution. 

I. Extract the square roots of 169, 8281, 1221, 
1234321 j 62453 j 91826} 953-26; 6-5; -12, to 3 places 
of decimals. 



* The reasons for these rules of evolution are best explained 
with the aid of algebraical symbols. 
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IL Extract tbe cube root of 1728, 12321, 753571 ; 

6253210625; 83 ; 9126; 6342-1, -0001, to 2 places of 
decimals. 



PART IL— THE ARITHMETIC OF CONCRETE 

QUANTITIES. 

Fundamental Bales. 

67. All the magnitudes which were considered in the 
first part of this work were numbers expressed according 
to the decimal system of notation ; and the value of the 
figures increased from right to left according to the powers 
of 10. We shall now treat of expressions, the several 
terms of which increase in value from right to left, accord- 
ing to a variety of systems of notation. 

68. Take, for instance, the concrete quantity £629. 
17s. 8Jd. ; that is, "six hundred and twenty-nine pounds 
seventeen shillings and eightpence three farthings.'' Here 
the 629 and the 17 separately obey the law of the decimal 
notation ; but we are not to suppose that the 9 is worth 
ten times more than if it held the place of the 1 ; or the 
7 ten times more than if it held the place of the 8. The 
9 represents " nine pounds," and the 1 represents " ten 
shillings ; '' and as one pound contains twenty shillings, 
the 9 is by its position worth twice as much as if it held 
the place of the 1, and twenty times as much as if it held 
the place of the seven. So the 8 represents "eight 
pence,'' and as one shilling contains twelve pence, the 7 
represents twelve times as much as if it held the place of 
the 8. Again, the |d. is expressed in another system of 
notation, namely, that of ratio fractions. The 4 signifies 
that we have taken a number of " farthings," and the 3 
denotes that the number of farthings taken is three. 
Hence the 8 represents ybt«r times as much as if it held 
the place of the 3. Thus, in order to be able to read and 
make use of such concrete expressions aa £629. 17s. 8|d., 
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12 yards 2 feet 6 inches, 1 ton 15 hundredweight 3 
quarters 22 pounds, it is necessary to be acquainted, not 
only with the decii^ial system, but also with the system 
of money values, weighte, or measures in which the con- 
crete terms are expressed. 

69. When these systems are known, the processes for 
addition or subtraction are the same as with abstract 
numbers. Thus — 

£ 8, d, £f 8. d. 

629 17 8f 815 12 8i 

85 12 lOl 98 16 8j 

94 16 9| 716 15 1 If— remainder. 



810 7 4i- sum. ^ ^^ 2o" G 

20)47(2 12)28(2 4)6(1 2 JT J 3 

40 24 4 T 6 11 3 
7 4 2 

70. It is not usual to multiply one concrete expression 
by another. Strictly speaking, indeed, we can only mul- 
tiply by abstract numbers ; but there are certain cases in 
which concrete quantities are considered as being multi- 
plied together, and in which a special process is employed 
for that purpose. It will, however, always be possible 
to reduce a concrete expression to a single term — as, for 
instance, a sum of money to farthings; and the number 
denoting the value of the expression in this single de- 
nomination may be considered as ahstractf and used for a 
multiplier. 

71. Although we may reasonably speak of dividing one 
concrete quantity by another, still it is both simpler and 
more usual to reduce the divisor to the form of an 
abstract number, as just explained. The methods of 
reduction will be stated below. We will now give the 
rules for the multiplication and division of concrete 
quantities by abstract numbers. 

72. BuLE. — MvlUplictUion, If the mvUtpUer ia smaU, 
set it under the number of the lowest denomination (on 
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the riglUj, and multiply this denomination. If the 
product reaches the number which connects this denom- 
ination with the one above it,"*^ divide the product by 
this connecting number, set down the remainder in the 
first denomination, and cany the quotient to the nert. 
Now multiply the second denomination by the multiplier, 
add in the quotient carried, and proceed as before. 
Thus— 

tons. (20) cwt. (4) qra. (28) Iba, 
2634 13 3 25 

9 



23712 5 3 1 

20)125(6 4)35(8 28)225(8 
120 32 224 

5 3 1 ' 

If the multiplier be IcMrge, we may break it up into factors, 
and multiply by these successively. Or, if it be a prime, 
we may take the nearest number to it which is composed 
of factors, multiply by these factors successively, and 
correct the result by adding or subtracting. Thus — 



yds, 
37 


ft. 
2 


in. 

11 

G 


227 


2 


6 
.9 


2044 
37 


1 
2 


6 
11 


2006 


1 


7 



9 - 1 = 53 



73. With very large multipliers, the following method 
will obviate the necessity of finding factors. Multiply — 

* Four farthings = 1 penny ; then 4 is the nnmber which con« 
nects the denominations of farthings and pence. 
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. ^ 


8, 


d. 




629 


17 


8 hj 15685. 






10 




6298 


16 


8 =P 
10 


ten times. 


62988 


6 


8 = 
10 


one hundred times. 


629883 


6 


8 = 
10 


one thousand times. 


6298833 


6 


8 = 


10,000 times. 


3149416 


13 


4 = 


5,000 „ 


377930 





= 


600 „ 


50390 


13 


4 = 


80 „ 


3149 


8 


4 = 


5 „ 


9879720 


1 


8 = 


15,685 „ 



74. Rule. — Division. If the divisor is small, employ 
the short process of division; if the divisor is large, 
employ the long process (§ 9). Set the divisor on ^e 
left of the dividend, and divide the highest denomination. 
If there is any remainder, reduce it to the next lower 
denomination, by multiplying it |by the connecting 
number, and add in the given term of this lower denom- 
ination. Then divide again, and proceed in the like 
manner. Thus — 

8, d, 

17 8f(£4 



137)629 
548_ 

81 
20 

137)1637(lls. 
137 

267 
137 



130 
12 



1568 



137)1568(lld. 
137 

198 
137 

61 
4 

137)247(1 f 
137 

110 
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The answer is £4. lis. lljd. + ii^ I; or, if we 
stop at the pence denomination, which is more usual, 
£L lis. llyVrd. 

7S. Most of the operations of ordinary commerce con- 
sist of simple applications of the four fundamental rules. 
The following cases will illustrate the abbreviated 
methods most frequently employed, so far as not to in- 
volve the principle of proportion. 

Case L— What cost llf tons, at £12. 15s. 8d. atoni 

£ 8. d. 
12 16 8 
11 



£ 8. d. 140 12 4 (cost of 11 tons.) 
4) 38 7 9 11 9 (cost of | ton.) 

150 4 1 (cost of llf tons.) 

Case XL— What cost 632 articles, at £1. 6s. 8d.1 

£ 8. d, 
532 @ £1, = 532 

„ @ 6s. 8d. = 177 6 8 since 6s. 8d. = J of £1. 

„ @ £L 6s. 8d. = 709 6 8 

Case III— What cost 532 articles, at £7. 6s. 10d.1 

532 @£1 = 532 

7 



„ @ £7, = 3724 

„ @ £0. 6s. 8d. = 177 6 8 (thatis, J of £532.) 

„ @ £0. Os. 2d. = 4 8 8 (that is, -^ of cost at 



„ @ £7. 6s. 8d. = 3905 15 4 6s. 8d.) 

(Concrete measures of a concrete expression are called 
aliquot parts. Thus 6s. 8d. is an aliquot part of £1.) 

Case IV.— What cost 359 articles, at £3. 4s. 9d.1 
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359 
3 



1077 
44 17 
22 8 
17 19 


6 
9 



1162 6 


3 



2s. 6d. = Jof£l. 
Is. 3d. = I of 2s. 6d. 
Is. Od. = i^oi £1. 

359 at £3. 4s. 9d. =r 



Case V.— What cost 1448 articles, at 17s. 9Jd,] 

1448 

7 



i 



€■• 



8)10136 



3d. = Vff 0^ 17s. 6d, 
Jd. = i of 3d. 



1267 (smcel7s. 6d = 4of£l.) 
18 2 
3 4 



1288 2 4 



Case VI. —What cost 749 articles, at 19s. 10Jd.1 

£ 8, d, 
749 at£l. 



d, 
8)749 at IJd. 



4 13 7^ 



93s. + 5 X 1 Jd. 744 6 4^ (by subtraction.) 

Case VII.— What cost 24 lb. 11 oz. 10 dwt., at 
£3. 4s. 7id. alb.1 

£ ft d. 
3 4 7i 
24 



6 oz. = 
4 oz. = 
1 oz. = 



of 1 lb. 
of 1 lb. 
of 4 oz. 



10 dwt. = * of 1 oz. 



77 10 


6 


1 12 


3* 


1 1 


6A 


5 


^ii 


2 


m 



£80 12 4H 



5 E. 



»!• 



1.1 
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Case YIII. — ^WHat cost 13 acres, 2 roodS; 38 poles, at 
£3. 2s. lOd. a rood 9 

(Reduce 13 acres, 2 roods, to roods, and proceed aa 
above.) 

The methods indicated in the preceding cases are some- 
times called bj the meaningless name of Practice. 

Case IX. — Make out a bill of the following articles : — 
25 dozen of port, at 54s. a dozen ; 30 dozen sherry, at 
63s.; 15 dozen claret, at 2 Is.; 3 dozen brandy, at 52s. ; 
13 boxes cigars, at £1. 2s. Gd.; charging bottles at 
Id. each. 

A. B., Dr, to C. D. 



To 25 dozen Port, @ 54/, 

30 „ Sherry,® 63/, 

15 „ Claret, @ 21/, 

3 „ Brandy,® 52/,- 

1 3 boxes manillas,@ £1, 2s. 6d., . . . 
73 dozen bottles, @ Id., returnable, 

£ 



>9 



t9 



ti 



V 



£ 


8. 


d. 


82 


10 





94 


10 





15 


15 





7 


16 





14 


12 


6 


3 


13 





,218 


16 


6 



Thus, Bills of Parcels, in their simplest form, involve 
ordinary multiplication and addition. 

76. Tare is an allowance made on the sale of goods, 
for the weight of the packages, &c,, in which they 
are sent. 

Tret is an allowance for waste in the gross. 

Draft is an allowance made by wholesale dealers, to 
retailers, to compensate for waste in making up small 
packages. 

Either, or all of these, being subtracted from the gross 
weight, that which remains is called the net weight. 



1 



Arithmetical Tables. 

77. The following are the Tables of Weights and 
Measures most frequently in use ; and, with the Multi- 
plication Table of the first twelve numbers, they shoulc) 
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be thoroughly committed to memory before the student 
proceeds aaiy further. 

MONEY. 

4 farthings = 1 penny. 4 f., or 4 q. = Id. 
12 pence = 1 shillmg. 12d. = Is. 

\2 shillings = 1 florin. 2s. = Ifl. 

20 shillings = 1 pound. 20s. = II or £1, 

5 shillings == 1 crown. 5s. = 1 cr. 

21 shillings = 1 guinea. 21s. = 1 gu. 

TROY WEIGHT. 
(Used for Gold, Silver, Jewels, and Scientific weighing.) 
24 grains = 1 pennyweight. 24 grs. = 1 dwt. 

20 pennyweights = 1 ounce. 20 dwt. = 1 oz. 

12 ounces = 1 pound. 12 oz. =1 lb. 

4 grains = 1 carat. 

AVOIRDUPOIS WEIGHT. 

(For all heavy goods.) 

16 drams = 1 ounce. 16 drs. = 1 oz. 

16 oimces = 1 pound. 16 oz. =1 lb. 

28 pounds = 1 quarter. 28 lbs. = 1 qr. 

4 quarters = 1 hundredweight. 4 qrs. = 1 cwt. 

20 hundredweight = 1 ton. 20 cwt. = 1 ton. 



14 pounds = 1 stone. 

112 pounds = 1 cwt. 

1 lb. Avoirdupois = 7000 grains Troy (by statute). 
1 lb. Troy = 5760 grains Troy. 

Thus 1 lb. Troy = 4J§ lb. Avoir. = m lb. Avoir. 

APOTHECARIES* WEIGHT. 

20 grains = 1 scruple. 20 grs. = 19. 
3 scruples = 1 dram. 3 Q =13- 

8 drams = 1 ounce. 83 =15* 

12 ounces = 1 pound. 
(The grain, ounce, and pound, are the same as in Troy.) 



36 



▲BITHUETICl 



60 minims 
20 ounces 



12 inches •■ 

3 feet 

5i yards : 
40 poles 
or 220 yards 
Sfirlongs 

12 lines 

4 inches • 
6 feet 

1760 yards 

3 miles 

100 links 

or 66 feet 



(For Fluids). 

1 dram. 

1 pint in measure. 



LENGTH. 

1 foot. 
1 yard. 
1 pole. 



12 in. 
3ft. 
5^ yds. 



1 furlong. 220 yds. 
1 mile. 8 furl. 



= 1ft. 
= 1yd. 
= Ip. 

= IfurL 
1 m. 



1 inch. 
1 hand. 
1 fathom. 
1 mile. 
1 league. 



= 1 chain of land. 

(In Geographical Measure, 60 minateB = 1 degree, 360 decrees 
s the circuDuerence of a circle. Also 1 minute = 1 Geographical 
Mile.) 

CLOTH MEASURE. 



I 



H 


inches = 1 nail. 2J in. = 


Inl. 


4 
4 
3 
5 
6 


nails = 1 quarter. 4 nls. = 
quarters = 1 yard. 4 qrs. = 
quarters = 1 Flemish ell. 3 qrs. = 
quarters = 1 English ell. 5 qrs. = 
quarters = 1 French ell. 6 qrs. = 

SQUARE MEASURE. 
(Used chiefly for land.) 

144 sq. inches = 1 sq. foot. 

9 sq. feet = 1 sq. yard. 
30J sq. yds. = 1 sq. pola 
40 sq. poles = 1 rood. 

4 roods = 1 acre. 


1 qr. 

1yd. 

1 Fl. e. 
1 E. e. 
IFr. e. 
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CUBIC MEASUBE. 

1728 c. inches = 1 c. foot. 
27 c. feet = 1 c. yard. 

CAPACITY. 

2, or 4 gills = 1 pint. 
2 pints = 1 quart. 
4 quarts = 1 gallon. 
2 gallons = 1 peck. 
4 pecks = 1 bushel. 
8 bushels = 1 quaiiier. 



42 gallons 

63 

84 
126 
252 



99 
99 
99 
99 



1 tierce, qfuoine, &c. 
1 hogshead ,, 1 hhd. 
1 puncheon „ 
1 pipe or butt of wine, &c. 
1 tun. 



99 



78i Examples (not involving Proportion.) 
I. 



A. 

£ 8, d, 

16913285 13 ^ 

9945623 12 9 

8863428 17 11 

18125694 8 2 

9954364 19 8 

9856932 16 9 

9526329 12 6 

8719285 11 2 



tons. cwts. qrs. lbs. oz. drs. 

516 13 3 21 12 8 

272 4 13 4 5 

187 6 2 5 8 2 

96 5 18 6 7 



B. 

£/ 8. 

69432 1*3 

38964 12 

18325 17 

89546 8 

72895 12 
6184 8 10: 
8632 19 \V 

69165 13 9i 



qrs. lbs. oz. drs. 

3 24 15 12 

2 20 12 8 

3 19 7 7 
2 9 10 10 



C. 

3, 18, 266 
7, 729 
9, 1728 ♦ 
12, 512 
63, 5760 
8913 
3295 
37243 



8, 9, 12 
12, 15, 25 
64, 144, 576 
1234 
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miles. farL poles, yds. ft. 

1639 7 39 5 2 

876 6 25 4 1 

763 5 22 3 2 



ft. 
6 

7 
6 



p. yds. 

39 6J 

30 5 

25 4 



ft. 
1 
2 
2 



qrs. bush. pks. gals. qts. 'bnsh. pks. gals. qts. 



126 
33 
27 



6 
7 
1 



2 
3 
2 



1 
1 
1 



1 
2 
1 



7 
6 
3 



3 
3 
3 



1 3 
1 3 
1 2 



11, 54, 72 

13,22 

136 



27,88 

162 

544 



Add the quantities in A and B, two or more at a 
time. Subtract any in B from IJie opposite one in 
A j or any in A from the one above it. 

Multiply or divide any in A or B by the opposite 
numbers in C. B^uce any in A or B to any single 
denomination. Prove the results, as in § 10. 

II. — (1.) What cost 3 tons 2 qrs. 16 lbs., at £5 a ton, 
at 6d. a qr., at 3^d. a lb. ? 

(2.) What cost 153 tons 3 qrs. 21 lbs., at £2. 7s. 6d. 
a ton, at 6s. 6d. a lb.? 

(3.) What cost 27 hhd. 22 gals. 2 qts., at £3. 12s. 8d. 
a hhd., at 4^d. a qt. ? - 

(4.) What cost 36 tuns 1 pipe 1 hhd. 20 gals., at 
£27. lis. 8d. a tun, at £3. 7s. 4d. a hhd., at 4d. a qt.? 

(5.) What cost 3 acres 1 rood of land, at £1060 an 
acre, at £1. 15s. 6^d. a sq. yard? 

(6.) Make out a bill for the ^following : — 5 yds. 3 qrs. 
of cloth, at 7s. 4d. a yard ; 15 cwt. 1 qr. of sugar, at 7Jd. 
a lb.; 2 hhds. of "wine, at 37s. a gallon; 47 qrs. of oats, 
at 27s. 6d. a quarter; 3 cwt. 2 qrs. 21 lbs. cheese, at 
7id. a lb. ? 

(7.) What is the net weight of 5 chests, weighing 
27 cwt. 2 qrs. 12 lbs. gross, tare 1 cwt. 2 qrs., tret 4 lb. 
per 108? 

(More exercises in ordinary Practice may be had by 
using the preceding table ; talcing for the cost only one 
or two digits in the pounds column. Thus, What is the 
cost of 3 qrs. 24 lbs. 15 oz. 12 drs., at £2. 13s. 4^d. per 
qr.,-^fromcolimm B.) 
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Proportion of Concrete Quantities. 

79. The principles of proportion, as explained in § 41 — 
48, may be employed in the solution of many arithmet- 
ical questions. Tke only fresh consideration introduced 
is how to state the terms of the proportion. 

80. Suppose three quantities given,and a fourth'required, 
which shall be in the same proportion with one of the 
given quantities, as the remaining two are with each other. 

81. Rule. — Set x in the fourth place to represent the 
required term. Place the term with which x is com- 
pared (that is, the other term of that ratio), in the third 
place: Now, if the ratio of the third to the fourth is, 
from the nature of the question, a ratio of greater in- 
equxdiMf^ arrange the first and second terms as a ratio 
of greater inequality (that is, set the hast in the second 
place) ; but if the ratio of the third to the fourth is a 
ratio of less inequality, arrange these as a similar ratio. 

82. In other words, if the fourth term (the answer), 
is to be greater than the third, the second must be greater 
than the first ; if the fourth is to be less than the third, 
the second must be less than the first. 

Example. — If 42 cwt. 2 qrs. cost £73. 16s. what is the 
cost of 41 cwt. 20 lbs. 1 

Here the answer is to be cost Put the given cost in 
the third place. The ratio of 3d : 4th will clearly be a ratio 
of greater inequality, or the 4th will be <: the 3d. 
Therefore the 2d must be <: the 1st. Hence — 



cwt. 
42 

4 


qrs. 
2 


cwt. 
: 41 

4 


lbs. 
20 : 


: 73 


B. 

16 : 


: X 


i 

i 
1 


170 
28 




164 
28 












1360 
UO 




1332 
328 













4760 4612 

♦ That is, a ratio whose value is greater than tlie ratio of cqualitt/j 
or >► 1 ; as 3 : 2 or 1^, (see § 48). 






V 
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The first two terms liaving been brought to the same 
denomination (pounds' weight), the work will pix)oeed 
according to § 46. But a shorter and preferable method 
is ajs follows : — 

£73| X 41jff 369xll53xJ[ 
* " 42j ^ * 5 X XX X 85 

14 

^425457 «^, ,^ , 

" ^^*595r = ^^^- ^^^- ^***^ 

This method, by complex ratio fractions, should be 
employed whenever the &st two terms of the proportion 
can readily be expressed as mixed numbers; and par- 
ticularly when the reduction of the second term (a imd' 
tipUer), would produce a large number. 

Oompounded Ratios and Compound Proportion. 

88. A ratio is said to be compounded of two or moi-e 
other ratios, when it is equal to the ratio between the 
product of all the first terms, and the product of all the 
second terms. 

Thus, if we have the ratios 2:3, 5:6, 9 : 12; the 
ratio compounded of these will be2x5x 9:3x6x12. 

84. Now, suppose a number of ratios to be given, and 
also an invariable *^ third " term of a proportion. Then 
we can find a " fourth " term of the proportion, such that 
the ratio of the " third " to the " fourth," shall be in the 
ratio compotmded of any number of other ratios. We 
may exhibit the process by an example. 

2 : 3) 

6 : 6 V : : 8 : oj 

9 : 12J 

• ff — 8 X(8Xg j< la) -. 4X9X18 a: 8 2- lOr 

85. Another example will show how this method may 
be applied to questions involving the compound propor- 
tion of concrete quantities. 
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If 10 men dig a trench 80 yds. long, 6 yds. wide, and 
2 ft. 8 in. deep, in 6 days, how deep a trench can 96 men 
dig in 3 days, if it be 240 yds. long, and 16 yds. widel 

mm, 10 : 96 ) {dq)tL) 
Imgth, 240 : 80 f ft. in. 

width, 16 : 6 ( : : 2 Six 



j 



days, 6:3^ ( = | yd.) 
. 8 x' ^lj X m^ ^ X ^ _ 1 , _ 1 ft 7, ,•„ 

6 8 t ' 

86. Rule. — Set the given term of the ratio to which 
the answer belongs in the third place. From the remain- 
ing conditions of the question take each ratio, or couple 
of corresponding concrete quombities separately, and treat 
it with the third term as a case of simple proportion. 
When all the first ratios have been stated, work out as 
above. 

Per Centages. 

87. The method of calculating per cenlagea was ex- 
plained in § 46. The application of the principle to 
concrete quantities presents no difficulty. The following 
are ordinary instances. 

88. Commission is so much per cent, allowed to an 
agent on the money passing in any transaction. 

Brokerage is so much per cent, allowed to an agent in 
the buying or selling of shares, &c. 

89. Insurance is the payment of so much per cent, to 
the insurers or underwriters, on the sum of money in- 
sured under any risk. There is also a Government tax 
of so much per cent, on the same sum. (The sum paid 
to the insurers is called the premium; and the paper 
containing the agreement is called the policy.) 

Life assurance is of the same nature. 

90. Interest is so much per cent, allowed for the use 
of money. The money used is called the principal; the 
principal, with its interest after a given time, is called 
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the amount at that time; generally computed at periods 
of one year. 

91. Compound interest is when the simple interest is 
periodically added on ta the principal, instead of being 
withdrawn; interest being then reckoned on the succes- 
sive amounts. 

There are several other applications of the principle of 
per cerUages which will be explained hereafter. 

92. Interest. 

Example I. — The interest on £1281. Is. 6d., for three 
years, at 4i per cent. , 

For 1 year, 100 : 1281 1 6 i: 4^ : a?. 

£128 1 1 6 X 9 

"100 X 2 

= £61. 5s. lliid. 

:, Int. for 3 years = £183. 17s. 9|Jcl. 



X = ^-7^^ ^ = £6. 16Si 2|gd. X 9* 



Or, simply, Int. - I^rincipal x rate j< No. of years. 



Example II.— Interest on £600 for 49 days, at 7 
per cent, per annum. 

2mncipal8, 100 : 600 1 **!!^f ^*' 
time, 365 : 49/ '• * '^ 



... X = ^1^,4^ = £5. 12s. nil 
100 X 365 ^^ 

Example III. — £700 in 5 years amounted to £72(). 
l6s. 3d. (simple interest). What was the rate per cent.1 

The interest for 5 years being £20 16 3 
That for 1 year is 4 3 3 

700 : 100 :: £4. 3s. 3d. : x. 
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Discount and Present Value. 

93. The present value of a sum due at a future time 
is sucli a sum as, put out to interest, would, in the 
interval, amount to the sum due. The difference between 
the present value, and the sum due — ^in other words, the 
tTiterest on Hie pr^ent value, is the true discount. 

94. If a sum has been promised, and payment guaran- 
teed by a bill falling due on a given date, the law allows 
three days of grace beyond the said date, not including 
Sundays. 

95. The usual discount is a per centage on the sum 
due at a future date, calculated for the time between the 
pre-payment and the maturing of the debt, bill, &c. 

Example I. — ^The present value of j£6060, at 3 per 
cent., due in 219 days. 

365 : 219 :: 3 : a; (Int. on XI 00 for 219 days.) 
X = ^JJ?^2i3, = ^ = j£l. 16s. Od. 

30 6 * 

Thus, the P. V. of £101. 16s. Od., due in 219 days, 
« £100. 

£ «. £ £ 
.-. 101 16 : 6060 :: 100 : x (P. V. of £6060). 

^ 6060 X 100 6060x100x5 
*=^^ 10l|~ "=^ 509 

Example II. — A bill is drawn June 3, at 3 months, 
for £525, and paid August 16. What discount must 
be allowed to the payer, at 3J per cent.1 

(1.) Find extent of pre-payment. The bill is due 
September 6, and is therefore paid 21 days before 
maturity. 

(2.) Find of what siun £100 is the P. V. First find 
Int. on £100 for 21 days. 

365 :21 :: 3J:aj 

3 6 6 X a ' * " N .J 

£100 is the P. V. of £100 + £\U - £f4i^' 



•fl 
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(3.) Find P. V. of £625. 

3JLL4J : 525 :: 100 : x. 

7 30 

X = £ s«5Q0X7?9 = £523. 18s. lOfHMd- 

(4.) Thus, the true discount « (sum due) - (P. V.) 

= £1. Is. 1H**H 

96. Annaities are sums paid periodically, and guaran- 
teed either for a certain number of payments, or annually 
(quarterly, &c.), during the lifetime of the recipient. 

The sum to be paid for this benefit will clearly be the 
present value of the several sums payable at given future 
dates. 

Thus, if a life be reckoned at the estimate of 6 yearsy 
and the annuity to be purchased be £50 — 

The P.V. + int. for 6 years 

= 6 X £50 + int. on £50 for 5 yeais, 

4 years, 3 years, 2 years, 1 year. 
= £300 + int. on £50 for 15 years 
(simple interest.) 
which at 5 per cent. = £300 +£37. 10s. = £337. 10s. 

The student is referred to the further consideration of 
annuities, in the Appendix to the Algebra. 

Stocks and Shares. 

9?. Stock is the nominal amount of the capital of a 
company, divided into shares, which are represented 
by scrip. 

98. As both the value of money and the credit of 
companies vary, the nominal price of shares is generally 
different from their actual price. Thus, a share of £100, 
and bearing interest at the rate of £100, may be bought 
for less or more than £100, as the case may be. When. 
£100 share is worth £100, the stock is said to be at par; 
when more, at premium; when less, at discount. '< The 
Stocks'' usually means the government securities;, and 
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represents the funded debt^ interest on which is guaran- 
teed by the national credit. 

99. Stocks are of different kinds, and bear different 
rates of interest. Thus, we speak of the 3 per cents, 
the 4 per cents, &c, 

100. Stock-brokers charge a commission of •} per cent, 
on the stock (2s. 6d. in ^100), for negotiating the sale 
and purchase of stocks. The price of stocks must, there- 
fore be increased to the buyer, and diminished, to the 
seller, in this proportion. 

Example I.— I sell out (for myself) £5000 at 75. 
What do I get for iti 

100: 75 :: 6000:aj. 

Example II. — I employ a broker to sell out £1250 
from the 4 per cents at 120, and buy into the 3|^per 
cents at 95. What is the change in my income? 

(1.) Find his late income. 

100 : 1250 :: 4 : aj; :. x = £Vot? = -£50. 
(2.) Find the selling price of £1250 at 120. 

100 : 120 :: 1250 :x; ,\ x = ii22^ = £1500. 

Broker^s commission = 12^ x 2s. 6d. = £1. lis. 3d. 
.-. sum realized = £1498. 8s. 9d.; (or, £1500 -£|-J 

= £1498tV) 

(3.) Find the amount in the 3| per cents at 96 of 
£1498tV 

95 J : 100 :: £1498^^ : «. 

X = £9jLfijL5jiiliL>i^ =£1575. 4s. 7fHd. 

7 6 1^^1 

(4.) Find the int. on £1575iJ^-jf at 3| per cent. 
(5.) Subtract his late income from his future one. 

101. The following are examples of several classes of 
questions, involving the principle of proportion, which 
will frequently be met with. 
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I. (Profit and Lobs,) I bought wheat at 60s. a quar- 
ter, and was obliged to sell it at 56s. What was 1117 loss 
on the whole quantity? 

The loss being 4s. on 60s. 

60:4 :: 100 :aj, 
and 05 = Vt? = -yj = 8j per cent. 

II. (Profit and Loss,) I buy goods at 45s. a dozen, 
and want to make 10 per cent, profit. At what price 
must I retail them? 

100: 110 :: 45s. \x 
.-. X = JLio>Ltiis. = f-gs. = 49s. 6d. 

the selling price per dozen. 
The price of each article = 4s. 1 Jd. 

HI. (Profit and Loss.) A tradesman makes 30 per 
cent, profit by selling soda-water at 2s. a dozen: What 
did the goods cost him ? 

130: 100 :: 2s. :x 

IV. (Profit and Loss,) By selling wine at 24s. a 
dozen I lost J per cent. At what must I sell it to gain 
10 per cent.? 

99i : 100 :: 24s. : x, the cost price per dozen, 
_ 24 X 100 

"^ 99P'- 

Again, 

.r.^ ..r. 24 X 100 . ... 

100 : 110 :: — -^ — s. : y, the new sellmg price. 

. _24 X 100 X 110^ 24 X 110^ 
•• ^ 99J X 100 • ' ~99j~ 

Comparing these two statements, it is clear that we 
might have stated at once^ 

99|: 110 :: 24s. : oj 

110 X 24 X 2- 5280„ o«,ofl- 
... X j^^ s. = -j^s. = 26i8|s. 
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V. (Profit a/nd Loss.) My customers ask for 5 per 
cent, discount 1 What must I charge sugar, which cost 
me 4d. a pound, to gain 15 per cent.1 

100 : 115 :: 4d. :a?, the selling price without discount. 
.-. a5=^iA-^4d. 

100 

95 : 100 :: J^^d. : y, the selling price with discount. 

Hence it is clear that we might at once have stated, 
95 : 115 :: 4d. : x. 

05 10 ^^ ^^ 

VI. {Proportional Parts,) A, B, and C, invest in a 
speculation, £60, £80, and £100 respectively. The 
speculation gains £100. How must this profit be 
divided 1 

The three shares are in proportion to 60, 80, and 100. 

Therefore, A's share = — -^ « — = A- == i of the whole : 

' 60 + 80-f-lOO a* 4 J 

A must receive ^ of £100 = £25 ; 

B „ I of £100 = £33. 6s. 8d.; 

C „ yV of ^100 = £41. 13s. 4d. 

Vn. (Proportional Parts, ) A , B, and C, were engaged 
on piece-work, for which they were to receive £6. A 
works twice as long as B, but only \ as long as C. What 
must each receive? 

Their work (and pay) is in propoi'tion to 2, 1, and 6. 

Therefore, A will receive f of £6. 
B „ i of £6. 

C „ f of £6. 

VIII. {Proportional Parts.) A invests £50 for 12 
months; B invests £60 for 9 months; C invests £80 for 
6 months. How are the profits to be divided ? 
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How much ought B to invest for 12 months^ bo as to 
make it equivalent to his £60 for 9 months ? 

12 : 9 :: £60 \x 
/, X = £40x9 = £45. 

Similarly, C*s equivalent for 12 months = £«p^« =£40. 

Hence, their shares are proportional to 50, 45, 40; that 
is, to 10, 9, 8. 

Therefore, A receives \^\ B, ^; C, ^. 

It is clear that the shares would be proportional to the 
products of the capitals by the times ; that is, to 50 x 12^ 
60 X 9, and 80 x 6. 

Duodecimals. 

102. Duodecimala are sometimes adopted as a scale of 
notation, in place of decimals. Thus, 6394 in duodeci- 
mals = 6 X 12« + 3 x 12* + 9 x 12 + 4 = 10912 in 
decimals. 

But the term is more usually applied to the measure- 
ment by feet, inches, seconds, thirds, &c.; according to 
the following table : — 

1 foot =12 inches » 12' (also called primes.) 
1 inch =12 seconds = 12^ 
1 second = 12 thirds = 12'^ 
1 third -= 12 fourths = 12'% &c. 

Any concrete quantity in this measurement is con- 
sidered as feet, and duodecimal parts of a foot; and two 
such quantities may be multiplied together in the follow- 
ing manner. 

Multiply first by the feet of the multiplier, beginning 
with the lowest denomination in. the multiplicand. Then 
multiply by the primes of the multiplier, setting down 
the results one place to the right of the corresponding 
denominations in the multiplicand (because the final 
product will be an expression in square measurement). 
Multiply by the seconds, <&c., in the same manner; and 
add up the partial products. 



BUODEOIUALEU 



49 



(It will be seen that if any two denominationa be 
multiplied^ the sign of the denomination of the product 
will be the sum of the signs of the factors. ThuEf, 



EXAMPLS— 



ft. 

32 
25 



6 11 
5 4 



814 4 11 

13 6 10 

10 10 



7 
3 



8 



828 f. 10' 7^ 10'^ 8*^ 



103. Duodecimal multiplication is mainly employed in 
computing the superficial measure and solid content of 
timber, and artificers' work. We add a simple example, 
solved by two methods. 

What is the suiface of a floor 15 ft. 3i in., by 18 ft. 
9iin.) 

ft. ' ^ 
18 9 6 
15 3 6 



281 10 

4 8 

9 



6 
4 

4 



6 
9 



287 4 3 3 



Otherwise, 15 ft. 3 J in. x 18 ft. 9|in. 

= 15^ X 18H = sai^^^si == 287 — i5 



367 
1835 
1478 

4 )165517 
12)41379—1 ) 

U3>T.R.= 

287—4 ) 



1 2)3448 —3 



205. 



5 £, 



8X4i 



and 4' 3^ 3'* 

= -!-+ i— + 1 

12 12X19 1 2X13X18 

_ 57 64-86 + 8 _. 6 16 

12X1SX12 12x13x1 a 
__ 20s 
~ I2X18X4' 
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104. ExAHPLES— Proportion, &c 
(1.) Bought 125 lbs. for £4. 7s. 6d.; how much can I 
buy for £12. 10s.1 and what will 1 qr. costi 

(2.) Sold 36 gals, for £12. 6s. 8d.; what shall I get for 
2 hhds.) and how much must I sell for £20? 

(3.) If I gain 4|d. in the shilling, what do I gain on 
£56) and what on the £100? 

(4.) How many yards of paper, 4 feet long, will cover 
a wall 7 feet by 3 yards ? and how much will paper a 
rooqi 8 feet high, 20 long, and 15 broad ? 

(5.) What is the tax on £26, at 4d. in the £) what 
on £525. 7s. 6d., at the rate of 2s. 8d. on £2. 10s.? 

(6.) The wages of 12 men for 15 days, when £2. 8s. 
pays 8 men for 3 days? 

(7.) A carrier took 1 cwt. 3 qrs. 125 miles for £2. 
10s.; how much ought he to charge for 150 lbs., carried 
150 miles? 

(8.) The cost of keeping 1000 sheep for 60 days = 
£1250; what number of sheep would £100 keep for 365 
days? 

(9.) A cistern, 20 fb. x 12 ft. x 8 ft., contains 100 
gallons,' at 12s. 6d. a gallon ; what is the value of a cis- 
tern 5 feet larger each way? 

(10.) I had £12. 10s. interest on £560 in the bank 
for 3 months; what annual interest shall I have on 
£1000? 

(11.) I lose 3d. in the shilling on £100, and gain l|d. 
in the shilling on £158; what is my whole gain or loss 
per cent.? 

(12.) How much 3 per cents' stock can be bought for 

£625. 10s. at 87| ? and what will be the income derived ? 

(13^ What d^erence in income arises from selling 

out £dOOO from 7 per cents at 195, and buying into the 

3 per cents at 87, allowing ^ per cent, commission? 

(14.) Present value and discount on £640. 12s. 6d., 
due in 146 days, at 4^ per cent.? 

(15.) Present value and discoimt on £590. 13s. 4d., 
due 3 years hence, at 3|- per cent. ? 
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(16.) Compound interest on £125, at 10 per oeni, for 
5 years 1 

(17.) WLat is my gain per cent, by selling goods at d2s. 
per cwt, for which I gave Jd. per lb. 1 

(18.) How much wine, at 54s. a dozen, must I receive 
for 3 boxes of cigars at £1. 2s. 6d., so as to make a profit 
of 3 per cent. ? 

(19.) I lose 7 J per cent, by selling an article for 10s. 
6d,; what did I give for iti 

(20.) What is the solid content of a cistern 6 feet 
long, 3 ft. 2 in. broad, and 35^ in. deep ? 
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KoTATiON, as was explained in § 1, is the process of repre- 
senting numbers by figures. ^Diis is effected by setting 
down the figures in a line, and estimating their value 
according to their relative position, right and lefb of each 
other. As we move a figure from right to left, its value 
increases by a regular multiple ; the one commonly eiA- 
ployed being ten. Thus, in the number 54321 (fifty-four 
thousand i^ee hundred and twenty-one) the 2 is ten 
times as large as if it stood where the 1 is ; the 3 is ten 
times as large as if it stood where the 2 is ; and so on. 
This multiple is called the base of the system ; and the 
system whose base is 10 is called the decimal system. 

When we come to the notation of concrete quantities 
we might, if we chose, represent them in the same 
metrical manner. Thus " 7 yards 2 feet 5 inches" might 
be represented as " 725 inches," if there were a regular 
hose tJyroughouty and if one denomination (such as the 
inches above) were invariably regarded as the unit of 
that particular system. But as our systems of weights 
and measures are different, and as ^e bases vary in 
almost every case, we are clearly unable to adopt this 
very convenient method of representing concrete quan- 
tities. Thus ^' 725 inches" does not stand for the same 
thing as " 7 yards 2 feet 5 inches," because 2 feet are not 
ten times as much as 2 inches, and 7 yards are not ten 
times as much as 7 feet. 

It has often been proposed to reduce all our systems of 
notation, both of abstract numbers and of concrete quan- 
tities^ tQ one and the eau^e system, having a common 
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base througliout. There would be many advantages in 
this uniform metrical system; and we will now proceed to 
explain what its nature would be. The French nation 
has already adopted such a system, with ten for the 
common base; and the most serviceable manner of illus- 
trating the special features of a metrical system will be 
to explain that which is employed in France. 

It may, however, be remarked that, in adopting ten as 
the common base, we should lose the very great advan- 
tege of being able to employ weights and SSes which 
are one-half and one-qv/irter of others; whilst to employ 
any other base than ten, after it has been used for ab- 
stract numbers so long, would be practically impossible. 
Hence the reason why no country, except France, has 
thought it worth while to adopt a uniform metrical 
system — decimal or other. . 

The French Metrical Systems. 

The following are the tables of money-value, weights 
and measures, now used in France : — 

Money Table.' 

(Unit, one fromc.) 

10 centimes = 1 decime. 
10 decimes = 1 franc. 

(This table is manifestly insufficient, and therefore .the 
following coins are also employed ; — 

5 centimes = 1 sou. 
20 fpancs = 1 Napoleon. 

A franc is worth about 9|d. of English money. The 
precise value at any particular time is subject to arrange- 
ment amongst the money-changers. It is generally safe 
to reckon a hundred francs as worth £4. A decime is 
nearly worth an English penny, and will as a rule pass 
as such in England.) 
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Example op Notation. — 

357 centimes 
s= 3 francs 5 decimes 7 centimes.* 



^' Metbio Table op 


Weight. 


1* 

(Unit, 


one gram, or 


gramme,) 

English Oraios. 


10 milligrams =: 


1 centigram 


0-15432348 


10 centigrams = 


1 decigram 


1-5432348 


10 decigrams = '. 


L gramt 


15-432348 


10 grams = '. 


L dekagram 


154-32348 


10 dekagrams = '. 


L hectogram 


= 1543-2348 


10 hectograms = ] 


L kilogram 


= 15432-348 


10 kilograms = '. 


L mynagram 


= 154323-48 



(The prefixes to the word gram in the seven words 
above given are derived from the Latin and Greek, and 
express ten, and multiples of ten. 

Thus deci, Latin, and deka, Greek, denote ten; 

centi, Latin, and hecto, Greek, denote a htmdred; 
milli, Latin, and kilo, Greek, denote a ihousamd; 
myria, Greek, denotes ten thouaamd. 

The Latin prefixes are used to express fractional parts 
of the unit; and the Greek prefixes to express integral 
multiples of the luiit. A mUMgram is one-thousandth of 
a gram; a myriagram is ten thousand grams. 

* From this example it will be at once manifest that the process 
of reduction of concrete qoantitieB disappears from the metrical 
system. All that it is necessary to know is the value of the unit 
in any number before us: thus, 

357 centimes = 3 francs 5 decimes 7 centimes; 
35 decimes = 3 francs 5 decimes ; 
57 centimes = 5 decimes 7 centimes. 

i* A gram is the weight of one cubic centimetre of distilled 
water. 
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The same prefixes are employed in the remaining 
!French tables; therefore, when these are on(;e mastered^ 
no further difficulty will be met witL 

The column on the right hand of the table will illus- 
trate the great simplicity of a complete metrical system, 
in which both abstract and concrete quantities can be ex* 
pressed upon a common base of notation) 

Example of Notation : — 69342158 milligrams 
s= 6 myriagrams, 9 kilog., 3 hectog., 4 dekag., 
2 gr., 1 dedg., 5 centig., 8 inillig. 

Metric Table of Length. 
(Unit, one metre.) 

English Inches. 

10 millimetres = 1 centimetre = -393708 

10 centimetres = 1 decimetre = 3*93708 

10 decimetres = 1 metre = 39-3708 

10 metres = 1 dekametre = 393*708 

10 dekametres = 1 hectometre = 3937-08 

10 hectometres = 1 kilometre = 39370*8 

10 kilometres = 1 myriametre = 393708 

(One metre is about 3^^ inches longer than the "Rngligli 
yard. One kilometre is nearly five furlongs. 

Though the metre is theoretically the unit, long dis- 
tances are usually reckoned by kilometres. In land-sur- 
Teying the dekametre is found most convenient. The 
French chain, divided into fiffcy links, is one dekametre 
in length. Thus 1 link = 2 decimetres = about 7-9 
inches.) 

Example of Notation: — 89307-641 metres 
= 8 myriam., 9 kilom., 3 hectom., 7 metres, 
5 decim., 4 centim., 1 miLlim. 

As our number contained an integer and a decimal 
fraction, the word " metres'' served to define the integral 
unit 7 as a number of metres. 
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Metbio Table of Square MEAsimc. 
(Uziit, one are.) 

Square Yards. 

10 centiares = 1 declare = 11*96033 
10 declares = 1 are = 1196033 
10 ares =1 dekare = 1196-033 

10 dekares = 1 hectare = 1196033 

(One acre = •} Prencli hectare. 

The hectare is generally employed in the measurement 
of land. 

The are is one sqtuxre dekametre ; that is, in English 
measure, 393*7 inches x 393*7 inches. 

It is a defect in the French system that the tinit of 
square measure is not the square of the unit of linear 
measure.) 

Example op Notation: — 1387*952 ares 

==13 hectares, 8 dekar., 7 at., 9 deciar., 

5*2 centiar. 

Here it will be seen that the original *052 ares, re- 
quiring to be written as centiares, become 5*2; the unit 
being made 100 times less. 

Example of Work. — ^^ A recUmgrdar fM measures 
1 hectom, 3 dekam. 5 m, by 7 dekam. 4 *^ What is its 
wreaV 

Multiply 135 metres by 74 metres. The result 136 
is 9,990 sqwjre met/res. Now, in one square deka- 74 
meiare there are 100 square metres : thus, 540 

9,990 square metres = 99 sq. dekam., ^45 

90 square metres = 99 ares 9 declares. 9990 

' Metric Table of Cubic Measure. 
(XTnit, one Stere^ 

10 centisteres = 1 decistere = 3*5317 cubic feet. 
10 decisteres = 1 stere = 35*317 cubic feet. 
10 steres x= 1 dekastere = 353*17 cubic feet. 
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(The stere is a cubic metre ; that is, the cube of 
39*3708 inches = 35*317 cubic feet, approximately.) 

Metric Table op Capacity (for Liquids). 
(Unit, one litre.) 

English Measure. Cubio 

Pints. Equivalent. 

lOcentilitres = 1 decilitre = '1760773 = 10c. centim. 

lOdecHitres =llitre = 1*760773 = Ic.decim. 

lOUtres =ldekalitre = 17*60773 = Icentistere 

1 dekalitres =1 hectolitre = 176*0773 = Idecistere. 
lOhectolitres = 1 kilometre = 1 760*773 = 1 c. metre, 

or 1 stere. 

Such is the French metrical system, which is of great 
theoretical beauty, and extremely simple in its use. 

We shall here add a number of miscellaneous examples, 
the solution of which will serve to impress what has gone 
before upon the student's mind. 

Examples on the Metrical System op Money- Value, 

Weights, and Measures. 

1. Reduce 7634295 centimes to Napoleons and francs. 

2. Reduce 359*6823 Napoleons to francs, decimes, and 
centimes. 

3. What French money must I receive for £23. 6s. 4d., 
at the rate of 25 francs to the pound? 

4. What English money must I receive for 69 francs 8 
decimes, at the rate of 9f d. to the franc ? 

5. Multiply 6*39 francs by 52, and reduce the answer to 
centimes. 

6. Add 1 myriam., 5 kilom., 8 hectom. ; 7 hectom, 4 
dekam., 6 m., 8 decim. ; 7 myriam., 9 hectom., 8 m.; 12 
m., 7 decim., 8 centim., 6 miUim. ; 5 hectom., 7 dekam., 
9 m. j 125 m. ; 623 decim. 

7. Multiply 86 kilom., 9 hectom., 3 dekam. by 9. 

8. Multiply 12 dekag., 6 gr., 7 decig. by 7. 

9. Multiply 9 dekast., 4 st, 8 decist. by 213b 
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10. Multiply 5 dekar., 9 ar., 7 deciar., by 423. 

11. In one stere how many cubic inches ) 

12. In 923 myriag. how many decig. ? 

13. In 19 myiiam., 4 hectom.^ 3 dedm. how many 
xnillim., and how many oentim. ? 

14. How many inches in 1000 kilometn^es 1 

15. Take 20 yards from 20 metres, expressing the 
result in inches. 

16. How many sq. decim. in 50 ares? 

17. How many cub. decim. in 25 steres? ; 

18. Beduce 9*5 sq. dekam. to sq. metres. 

19. Beduce 6 sq. millim. to sq. metres. 

20. Keduce 9 sq. mynam. to sq. metres. 

21. Beduce 2*25 sq. decim. to sq. metres. 

22. Add the last four results. 

23. An are of land is worth £20 ; what is the value o«. 
a sq. metre, and of a hectare 1 

24. How many deciar. in 20 sq. metres ? 

25. How many sq. metres in ten plots of 32 '5 hectares 
each? 

26. Beduce 9 sq. met. 51 sq. decim. 39 sq. centim. 02 
sq. millim. to sq. metres. 

27. Express 3256*8942 metres in every denomination 
of metrical linear measure. 

28. Express 3256*8942 ares in every denomination 
of metrical square measure. 

29. Express 3256*8942 steres in every denomination of 
metrical cubic measure. 

30. Express 3256*8942 grams in every denomination 
of metrioal weight. 

31. A hectare of land is worth £1400; what is the 
value of an English acre ? 

32. How many pints in 300 litres ) / 

Beduce the following to English measure :— 

'33. 12 dekag., 3 g., 5 decig. 

34. 1236 g., 2 centig., 8 millig. 

35. 10 kilol., 5 hectol, 8 dekaL, 5 L 
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36. 20 dekast, 5 st., 8 decist. 

37. 5 myriam., 6 kilom., 8 hectom., 9 dekam.> 8 m. 

38. 923 hectar., 7 dekar., 2 ar., 6 dedar. 

39. 32 ar.y 7 deciar., 8 centiar. 

40. 8324-625 ares. 

41. 93425-8125 hectares. 

42. 1-5 litres. 

43. 12 myriag., 7 kilog., 9 hectog. 

44. 323-725 grams. 

45. 8 Napoleons, 5 francs. 

46. 529-825 Napoleons. 

47. How many litre bottles can be filled from 100 
imperial pint bottles of wine 1 

48. Find the weight of a cubic metre of distilled water. 

49. I drink 2J litres every day. How long will a 
gallon of wine last me ? 

50. A kilogram weighs 2*68 lbs. Troy. What is the 
weight of 1 quintal, which = 100 kilograms) 

51. What is the weight avoirdupois of 1 millier, which 
is equal to 1000 kilograms) 

52. A cistern measures 3 metres long, 2 metres broad, 
and 1 metre deep. How many hectolitres does it contain) 

53. The cost of the contents of this cistern, at l^d. per 
Htre) 

Of Other Metrical Systems. 

The Binary Ststeii. 

Many propositions have been made in dijSerent coim- 
tries JsL^a uniform metrical system, similar to that 
adopted in France. 

The simplest of these in many respects is the binary 
system, in which the common base is two. The advan- 
tage of making each higher denomination exactly ttince 
the value of the one below it would be veiy great ; and 
in concrete arithmetic especially a practical benefit wotdd 
arise frt)m having a number of weights and measures 
enabling us to reckon the half, quarter, &c,, of any given 
quantity. 
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The result of adopting this system wotild be to create 
a multiplicity of denominations. If our unit — or lowest 
denomination^ were taken very smally as it 'would be 
necessary to take it, we should require a large number of 
multiples in order to reach the highest denominatioiu 
Thus, if our smallest weight were one grain, we should 
need a series of twenty-five weights in order to be able to 
weigh a ton. 

The inconvenience of this large nimiber of weights and 
measures woiQd not be so great as that of having an in- 
creased number of corns of different value ; but ^e great- 
est inconvenience would arise in applying the binary 
system to abstract numbers — quite apart from the consi- 
deration that it wotdd be impossible to give up our pre- 
sent decimal system altogether. 

We wiU give an example of a number written in the 
binary system of notation. It will be observed that each 
figure has double the value which it would have if it were 
one place further to the right. 

1000101101 in the binary system 
= (2)i« + (2)« + (2)* + (2)» + 1 
= 1024 + 64 + 16 + 8 + 1 
= 1113 in the decimal system. 

The figures 1 and would be the only figures which 
we could employ. 

The Duodecimal System. 

Others have proposed to make 12 the base of a system 
of notation. The principal advantage of this would be 
the fact that 12 has four measures — ^namely, 2, 3, 4, and 
6; and we could therefore easily reckon a halfy thirds 
fov/rth, and sixth of the standard unit of weight, measure^ 
and money-value. 

The advantage of this is practically illustrated by the 
existence of coins of the value of six-pence, four-pence. 
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and three-pence, respectively the half, third part, and 
fourth part of a shilling. 

We will give an example of a number written in the 
duodecimal system of notation, in order to explain the 
use of the system in arithmetical operations. We should 
require in this case two new digits, of the value of ten 
and eleven^ These we may represent by the letters t 
and e, 

604^8e in the duodecimal system 

= 6(12)« + 4(12)* + 10(12)3 ^ 3(i2)a + H 

= 6 X 1985884 + 4 x 165888 + 10 x 1728 + 8 x 144 + 11 

= 12597299 in the decimal system. 

The Pound and Mil System. 

More than one system have been proposed for adoption 
in England, which would retain 10 for a base. We shall 
only describe one, which was recommended by a commis- 
sion of practical and scientific men in the year 1853, for 
coinage alone. 

The unit of value would remain as it is at present, one 
pound ; and there would be three sub-mtJtiples of this 
unit One of these smaller coins is already in use amongst 
us — namely, the florin. 

Decimal Money-Table. 

(Unit, one jJOWTic?.) 

10 mils = 1 cent (10 m. = 1 c.) 
10 cents = 1 florin (10 c. = 1 fl.) 
10 florins = 1 pound (10 fl. = 1 1., or £1.) 

The adoption of this table of values, and the coinage 
corresponding to it, would possess many advantages ; one 
of which woidd be a coin slightly less in value ^an our 
present farthing, and which we might expect to come into 
more general use, thus encouragiag the sale of smaller 
quantities of cheap commodities. 

The disadvantage would be tli9 loss gf Aa{/^and qwvrter 
coins. 
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The operatioiui of Arithmetio would be greatly eimpli- 
fied. (H this we will add a few examples — 

1. Express X25 as mil& 

Since £1 = 1000 mils. 
£25 = 25000 mils. 

2. Express 69342 mils as a mixed sum. 

£69. 3 fl. 4 a 2 mils. 

3. Divide £6354. 2 fl. 6 c. 6 m. by 1000. 

The sum = £6354*256. 
Therefore the quotient = £6*354256. 

or = £6. 3 fl. 5 c. 4-256 m. 

4. Express £15. 19s. 10|d. in the metric system of 
coinage. 

£15 £15 

19s. = 9ifl. = 9-6 fl. =£ -95 

6d. = I fl. = -25 fl. = £ -025 

3d. = I of 6d. ^ £ -0125 

lid. = I of 3d. = £ -00625 . 

|d. = lofljd. g £ *0010416 

.-. £15. 19s. lOJd. = £15-9947916 

or, = £15. 9fl. 9 c. 4-79ldm. 

5. Express £3. 6 fl. 5 c 3 m. in the ordinary system 
of coinage. 

£3 £3 

6fl. = 12s. 

6 c. =* Jfl* * Is. 

2 m. = J^ofSc. 53 Ojfd. 

1 m. = I of 2 m. ^ O^d. 

.-. £3. 6fl.6c. 3 m. « £3. 13s. Ojfd. 

Amebican Decimal Money Table. 

(Unit, one dollar,) 

10 mils = 1 cent. 
10 cents = 1 dime. 
10 dimes = 1 dpUar (1 $.) 
10 doUars = 1 Eagle (1 E.) 
(A dollar is worth about 4s. 2d. English money.) 
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We add a few examples on the varioiui systemB which 
we have described, in order to impress them on the 
student's memory. 

Examples on Various Ststeh& 

1. Express 629 in the binary system. 

2. Express 823 in the duodecimal systeuL 

3. Bring 3^4:el (duodecimal) into the decimal system. 

4. Bring 101101101 (binary) into the decimal system. 

5. Express 524 in a system having 6 as its base. 

6. Express 69842 in a system having 100 as its base. 

7. Express 91863 in a system having 99 as its base. 

8. Express the following simis as £, fl., c., m. : — 
£6-932, X928-325, X2-6954, X6256-253. 

9. Add the quantities in (8), and express the sum as a 
number of florins, of cents, and of mils. 

10. Subtract the first quantity in (8) &om the last, and 
express the difference as mils. 

11. If a franc be worth lOd., how many francs are there 
in 50 American dollars ? 

12. How many French centimes in an English pound? 

13. How many French centimes in an American Eagle? 

14. Beduce £3. 4 fl. 3 m. to mils. 

15. Eeduce £6942*342 to florins and mils. 

16. My income is £425 '35. How many mils can I spend 
each day? 

17. Twenty sheep cost £125*65. What is the cost of 
each? 

1 8. A family eats 9 *25 lbs. of meat every day. If meat 
sells at 4*7 cents a pound, what is the butcher's bill for 
three months ? 

19. I want to build a new house. I sell my old one for 
£629*35, and raise £805*5 on mortgage. I have then 
half the money required. What will my new house cost 
tobmld? 

20. A tradesman's receipts for six days are 69 fl. 3 c.; 
£25*68 ; 9863 mils ; £6. 8 fl. 3 c. 5 m. ; 69328 mils; and 
912 fl. 3 mils. What does he take in the week ? 
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21. I go to New York with £500, and change my 
money into dollars. How many dollars have I ? 

22. An American brings 1000 dollars to Paris. How 
many francs will he have to spend, reckoning a dollar at 
4s. 2d., and a franc at lOd. ? 

23. I owe 69342-68 mils. I have in cash MO, and a 
cheque for £30*345. What shall I have remaining after 
paying my debt ] 

24. If there were five denominations lower than the 
mil, how many of the smallest coin would be contained 
in the value of a French franc (lOd.) 1 

25. What would be the cost in English money of 
painting the walls of a room 20 metres high, 40 metres 
long, and 36 metres broad, when the paint costs 1 fr. 
48 c. the square metre 1 

26. Express £169. 19s. 7|d. in the metric system of 
coinage ; and then convert it by the same mei^od into 
the American system. 

27. The weight of a cubic decimetre of gold is 19-3617 
Kilograms. What is the weight of a cubic metre 1 

28. A wine merchant buys 5268 hectolitres of wine for 
ten thousand francs. He sells one third of the quantity 
for one half of the whole cost price, and makes 20 per 
cent, profit on the remainder. How much does he gain 
inain 
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DEFINITIONS. 



DimensionB. 



1. Of dimension, or measurement, there ai'e three 

modes — ^length, width, and height.* 

2. A point defines a position, and has no dimensions. 

3. A line defines length onlj; or is measured in length 
onlv.t 

4. A surface is measured in length and width only.} 

* These three dimensions correspond in some sense with the 
first three poioers of a base {Algebra, § 5). Thus a might 
represent a certain length; a^, a surface; a', a solid. Hence 
we caU a^, **a squared ;" and a', **a cubed ;" and we say that 
a, a', a', are of one» two, and three dimensions, 
t A line may be considered as generated by the vnotion of a 

point from one po- 
sition to another. 
X A surface mAy 
be considered as 
generated by the 
motion of a line in 
Buchamannerthat 
not more than one 
point in the gene- 
rating line re- 
mains fixed. 








a 






5 E. 
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0, A BOlid is meBsnred in length, widtli, and height* 

6. A stnufbt line lies evenly between its extreme 
points. 

Angles. 

7. An angle is the inclination of two tinea to each 
other. 

8. A Tsetilinear angle is the inclination of two straight 
lines to each other, t 

9. Bectiliaear right angles are such that if one be 
placed adjacent and esterior to 
another, and one straight line of 
the one ctnncidea with one straight 
line of the other, the two remain- 

J ing lines are in one and the Bome 

att^ht line, 

10. One straight line is at right angles to another, 
when the angles formed at the point of inteisection are 
right angles. 

11. An acnte angle is a less inclination than a right 
angle, 

12. An obtuse angle is a greater inclination than a 
right angle. 

Kgnres. 

13. A geometiieal flgore is limited by bonndai-iea. 



* A loUd may be considered i 




generated by the nto/iaa 
of a euiface in such 
a nuniier that not 
more tliam one lin« in 
the generalutg inifaoe 

t Thia u a suffi- 
cient definition. Th« 
angle is mewored at 
C the point where tha 
*' a meet, or wonld 
it. If tbe lioef 
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14, A line is a figure limited b^ two points.'*^ 

15* A superficial figure is limited by one or more lines. 

16. A solid fignve is limited by one or more superficial 
figures, 

Plane Figures.! 

17. A surface is plane when, any two points being 
taken in it, the straight line joining them lies wholly in 
the surface. 

18. A rectilinear triangle is a plane figure limited by 
three straight lines.! 

19. An equilateral triangle is limited by three equal 
straight lines. 

20. An isosceles triangle has two sides equal. 

21. A scalene triangle has its three sides unequal. 

22. A right angled triangle contains a right angle. 

23. An acute angled triangle has all its angles acute. 

24. An obtuse ai^gled triangle contains an obtuse 
angle. 

Quadrilateral Figures. 

25. A square has its sides equal, and its angles right 
* angles. 

26. A rhombus has its sides equal, but its angles are 
not right angles. 

27. An oblong has its opposite sides equal, and its 
angles right angles. 

meet and lie in one straight line, their inclination is said to 
be an angle of 180 de|;ree8. If the lines never meet, they are 
assumed to meet '^atmfinity,'' and their inclination isO. — (See 
Jhigonometry. ) 

* These two points may coincide ; when the line will be the 
circumference of a curvilinear figure. 

t The geometry of plane figures is called geometry of two 
dimensions. 

X One of these lines is called the base, and the other two the 
sides. The side opposite to the right angle in a right angled 
triangle is called the hypotenuse. 
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28. A rhomboid has its opposite sides equal, but its 
angles are not right angles. 



Parallels. 

29. Parallel straight lines are those which never meet, 
though produced continually in both directions. 

50. A parallelogram is a four-sided figiu^e, whose 
opposite sides are parallel. 

51. Any four-sided figure which is not a parallelogram 
is called a trapezium.* 

52. The straight line joining two opposite angles of a 
quadrilateral is called a diagonal. 

53. Polygons, or multilateral figures, are limited by 
more than four straight lines. 

54. A circle is a figure contained by one line, called 
the circumference, and is such that aU straight lines 
drawn from a certain point within the circle to the cir- 
cumference are equal to each other. 

55. This point is called the centre of the circle; and 
the straight lines drawn from the centre to the circum- 
ference are called radiuses.t 

56. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the 
circumference. 

87. When a parallelogram is subdivided into four 
parts by straight lines parallel to the sides and inter- 
secting in a diagonal, the two parts through which the 
diagonal passes are called the parallelograms about the 
diagonal, and the remaining parts are the complements. 

* When two sides are parallel, and the others not, the quad- 
rilateral is sometimes called a trapezoid. 

t The circle may be considered as generated by one complete 
revolution of a radius in one plane ; and the circumference as 
generated by the revolution of the extreme point of the radius. 
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AXIOMS. 
(Assumptions.) 

1. Two magnitudes which bear an equal ratio to a third 
are equal to each other. 

2. The relation which two magnitudes bear to each 
other is not affected by the addition or subtraction of 
equal magnitudes to or from each of them. 

3. Parallel straight lines are equally inclined to any 
straight line which falls across them. 

(lliese three axioms are the principal assumptions made 
in the propositions which follow. It will be well for the 
student to compare them with the axioms in Euclid's 
Elements of Geometry. The first of those above given 
embraces the first, sixth, and seventh of Euclid. The 
second embraces the second, third, fourth, and fifth of 
Euclid. The third is substituted for the twelfth of Euclid. 
The remaining four of Euclid, which it was not thought 
necessary to add to these three, are as follows : — 

8. Magnitudes which coincide, or which exactly fill 
the same space, are equal to each other. 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

1 1. All right angles are equal to each other.) 

Further Explanation of Terms^ &c. 

The first stage of Elementary (Geometry of two dimen- 
sions, treated of in this book, embraces theorems and 
problems on the properties of straight lines and rectilinear 
figures, '' as far as liiey are treated of in the First Book 
of Euclid j" that is to say — 

(1.) On the construction and subdivision of straight 
lines, and of the angles between them ; 

(2.) On the construction and properties of triangles, 
and on the equality of certain triangles ; 

(3.) On the construction and properties of parallel 
straight lines and parallelograms ; 
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(4.) On a certain property of right-angled triangles, 
and its converse. 

It is not possible to preserve this exact order of classifi- 
cation in the arrangement of the propositions ; thus, for 
instance, we cannot show (theoretically) how to describe 
a rectilinear angle equal to a given one until we have 
shown how to describe a triangle equal to a given, 
triangle. 

The order in which the propositions come is not pre- 
cisely the same as that of Euclid, though it is so from 
Prop. 32 to the end. Whilst, moreover, the subject- 
matter of the book is necessarily equivalent, yet the 
methods in some cases are different, and the language is 
abbreviated. 

The only symbol employed is the sign of equality ( = ) ; 
and the student is recommended to use no other, but to 
write out the whole of the text in full. 

A Problem is a proposition of something required to 
be doTie : as, " to draw a straight line from a given point 
equal to a given straight line." In order to solve a problem, 
we must &:st show how the required task is to be per- 
formed, and direct the conal/ructum of a figure, both for 
the solution itself, and for the illustration of the proof; 
and then we must write out a 'proof dl the correctness of 
oxu' solution. 

A Theorem is a proposition of something required to 
be showriy or eatablislied : as that 'Hwo triangles are equal 
when two sides of the one are equal to two sides of the 
other, and when the included angles are equal." In 
order to establish a theorem, we have generally to provide 
a construction in order to illustrate the proof, and then 
to write out the proof itself. 

A Corollary is a minor proposition, or deduction, sug- 
gested by, and usually established in the course of the 
principal proposition. 
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Proposition 1. — Problem. 

To draw a straight line from a point (A) equal to a 
straight line (BC). 

Construction. — Join AB. 
With centres A and B, with any 
equal radiuses AD, BD, draw 
circles meeting in D. With cen- 
tre B and radius BC, draw a 
circle CE. Join DB, and pro- 
duce it to cut CE in F. With 
centre D and radius DF, draw a 
circle FG. Join DA, and pro- 
duce it to cut FG in H. AH is 
the line required. 

Proof. — ^The radius DF = the 
radius DH. But DB, DA were taken equal. There- 
fore the remainders BF, AH are equal (Ax. 2). Again, 
radius BF = radius BC. Therefore AH = BF = BC. 

Corollary 1. — By the help of this proposition, we can 
cut off from AB, the greater of two given straight lines, 
a part equal to C, the less. From A draw AD == C. 
With centre A, radius AD, draw a circle cutting AB in 
E. Then AE = AD = C. 

Cor. 2. — ^If the radius AD be taken equal to AB, the 
triangle ABD will be equilateral. 

Proposition 2. — Theorem. 

Two trio/nghs a/re equalwhen two sides of tJie one a/re equal to 
two sides of the oike/r^ and when the included angles are equal. 

The triangles ABC, DEF, A^ d, 

are equal, if AB = DE and 
AC = DF, and also the angle 
at A = the angle at D. 

Proof. — ^If A be placed on 
D, and AB on DE, then B will 
fallonE,BinceAB»=DE. Also B 
AC will fall onDF, since it has the sameinclinationtoABas 
DF has to DE; and C will fall onF, since AC=DF. Again, 
since B falls on E and C on F, BC and EF are identical. 
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Hence the aides of the triangles^ the angles, and the 
areas coincide. 

PropoBltion 8.— Theorem. 

2^ angles aA the hose of an isosceles triangle are equal. 

Proof. — If we take two 
isosceles triangles, ABC, 
and AGB'C', such that AB 
= A'B', and AC = A'C, 
and also the angle at A = 
the angle at A' — ^and, con- 
sequently by the last pro- 
i(/ position, the angle at B =^ 
the angle at B^, and the 
angle at C = the angle at C; and if we apply ABC to A'B'C 
reversed, in such manner that AB falls on A'C, and 
consequently AC on A'B'; the two triangles will coincide; 
and the angle at C will coincide with the angle at B'. 
But the angle at B' «= the angle at B. Therefore the 
angle at C == the angle at B. 

Cor. — Hence it follows that an equilateral triangle is 
also equiangular. 

Proposition 4.— Theorem. 

Two tria/ngles a/re equal when the three sides of the 
one are equal to the three sides oftlie other. 

The triangles 
ABC, DEF are 

equal when AB= 
DE, BC = EF, CA 
= FD. 

Proof. — ^Apply 
DE to AB, and 
let the point F fall 
on the side of AB 
remote from C. 
Join CF. Then 
since BC = BF, the 
angle BCF = BFC 
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(Prop. 3). Similarly ACF = APC. Therefore, by Ax. 2, 
the remaining angle BOA = the remaining angle BFA. 

That is, the original angles C and F are equal, and 
they are included by equal sides. Therefore the triangles 
ABC, DEF are equal (Prop. 2). 



Proposition 5.— Problem. 

To bisect an angle (ABC). 

Construction. — Cut off any parts 
BD, BE, from BA, BC. With centres 
D and E, with any equal radiuses, draw 
circles meeting in F. Join BF, DE, in- 
tersecting in G. Then BG bisects the 
angle ABC. 

Proof.— DB, BF, FD = EB, BF, a. 
FE respectively; therefore the angle 
DBF = the angle EBF (Prop. 4). 




Proposition 6.— Problem. 

To bisect a straight line (AB). 

Construction. — ^With centres 
A, B, and equal radiuses, draw 
circles meeting in C. Join AC, CB, 
and bisect the angle ACB by the 
straight line CD (Prop. 5). D 
bisects AB. 

Proof.— AC, CD = BC, CD, 
and the angles included are equal. 
Therefore AD = DB (Prop. 2). 




Proposition 7.-^Problem. 

To draw a straight line at right angles to a given 
straight line (AB), from a given point in it (C). 
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Construction. — In AJB take CD 
and CE equaL With centres D 
and E, and equal radiuses, draw 
circles meeting in F. Then FC is 
at right angles to AB. 
Proof.— FC, CD, DF = FC, CE, 
5 EFrespectively. Therefore the angle 
FCD = the angle FCE; and since 
DE is a straight line, the angles at C are right angles 
(Def. 9). 

Proposition 8.— Problem. 

To draw a perpendicular to a etraig/U line (AB) from 
a point (C) outside,, 

Construction.— With cen- 
tre C, draw a circle cutting 
AB in two points, D, E. 
Join CD, CE, and bisect DE 
in F. CF is the perpendicular. 
Proof.— CF,FD, DC = CF, 
FE, EC respectively. There- 
fore angle CFD = angle CFE ; 







and these iare right angles (Def. 9). 

Proposition 9.— Theorem. 

If aiiy numher of straight lines (AB, CB, Dfi, &c.) 
cut a/nother straight line (EF) in a point (B), the angles 
(EBA ABC, CBD, <£rc.) formed on the same side of t/ie 
last Une (EF) are together equal to two right angles. 

Draw BK perpendicular to 
fi ^ EF (Prop. 7). Then it is mani- 

fest that the sum of the inclina- 
tions of AB to EB, CB to AB, 
DB to CB, &x:, ^ the sum of the 
inclinations of KB to EB and 
KB to FB.- But the inclina- 
^ tions of KB to EB and KB to 
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FB are two right angles. Therefore the angles EBA, 
ABC, CBD, &c. = two right angles. 

Cor. — ^From this proposition, .^ 

or directly firom Def. 9, it fol- 
lows that if two straight lines 
make with another, upon oppo- 
site sides of it, the adjacent 
angles equal to two right angles, 
these two straight lines are in E^ ^ 

one and the same straight line. 



PropoBition 10.— Theorem. 

If tivo siraiglU lines irUeraect^ the vertical (opposite) 
angles are equal. 

Proof. — Since DE cuts D 

AB in E, the angles DEA, 
DEB = two right angles. 
SimUarly AEC, AED = 
two right angles. Therefore 
DEA, DEB = AEC, AED; 
and DEB = AEC. For 
like reasons AED = CEB. 

CoR. 1. — ^From this proposition, or directly from Def. 
9, it follows that the angles made by any number of 
straight lines intersecting at a point are together equal 
to four right angles. 




Proposition 11.— Theorem; 



Tli/e angles on tlie ovter side of the base 
of an isosceles triangle, made by produce 
ing the eqval sides, a/re equal to each other. 

For the two angles at B = two right 
angles (Prop. 9) = the two angles at C. 
But ABC = ACB (Prop. 3). Therefore 
DBC = ECB. 
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Proposition 12.— Theorem. 

If two angles of a triangle are eqrial, so are tlie opposite 
sides. 

If the angle ABC = the angle ACB, 
then AG = AB. 

Proof. — Suppose the sides unequal, 
and AC greater than AB. Cut off CD 
= BA, and join BD. Then DBC is an 
isosceles triangle, and DBC = DCB. 
But we are told that ABC = DCB. 
Therefore ABC = DfeC (Ax. 1), which is absurd. There- 
fore the supposition is false ; and AB = AC. 

Cob. — Hence it follows that an equiangular triangle is 
also equilateral. 

Proposition 13.— Theorem. 

On the same base, a/nd on the same side of it, there 
cannot he two tria/ngles having the sides terminated by one 
extremity of the base equal j and also the sides terminated 
by the other extremity of the base equal. 

CD In the triangles CAB, DAB, sup- 

pose CA = DA. 

Case 1 ; when C is outside the 
triangle DAB. Join CD. Since 
AC = AD, the angle ACD = the 

angle ADC. But ACD is greater 

A. B than BCD ; therefore, also, ADC is 

greater than BCD. Much more is BDO greater than 
BCD; therefore the triangle BCD cannot be isosceles. 
That isj BC cannot be equal to BD. 

Case 2 ; when C is inside the 
triangle DAB. Join CD, and pro- 
pduce AD, AC to E and F. Since 
' ACD is isosceles, EDC = FCD. 
But EDC is greater than BDC; 
therefore, also, FCD is greater than 
BDC. Much more then is BCD 
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greater than BDC; therefore BC cannot be equal to 
BD. 

Case 3; when C is on DB. Here it is plain that BC 
cannot be equal to BD. 

Proposition 14. — Theorem. 

If any side of a triangle be prodiu:ed, the exterior angle 
is greaier than either oftlie two interior and opposite a/ngles. 

If the side BC of the triangle 
ABC be produced to D, ACD 
is greater than BAC or ABC. 

Proof. — Bisect AC in E ; 
join BE; produce BE^ and 
make EF = BE. Then AE, 
EB = CE, EFrespectively; and ^j 
the included angles AEB, CEP 
ore equal, being opposite verti- 
cal angles (Prop. 10). There- 
fore the angle BAE = the angle ECF. But ACD is 
greater than ECF ; therefore ACD is greater than BAE. 
Similarly we may prove that BCG is greater than ABC. 
But BCG = ACD ; therefore ACD is greater than ABC. 

Proposition 15.— Theorem. 

Any two angles of a triangle are less tha/n two right angles. 

Produce BC to D. Then 
ACD is greater than either 
of the angles at A and B 
(Prop. 14). Hence ACD 
and ACB are greater than 
either of the angles at A and 
B together with ACB. But 
ACD and ACB = two right angles. Therefore, the 
two angles at A and C are less than two right angles; 
as also the two angles at B and C. Similarly we may 
show that the third couple of angles, at A and B, are 
together less than two right angles. 
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Proposition 16.— Theorem. 

If one side of a triangle is greater tluxn anotlieTj the 
angle opposite the greater side is greater tha/n the angle 

opposite the less. 

If AB is greater than AC, 
ACB is greater than ABC. 

Proof.— Cut off AD = AC, 
and join CD. Then ADC = 
' A CD. But the exterior angle 
ADC of the triangle CDB is greater than CBD ; there- 
foi'e also ACD is greater than CBD, Much more, then, 
is ACB greater than CBA. 

Proposition 17.— Theorem. 

If one angle of a triangle is greater than another, the 
side opposite the greater angle is greater tha/n the side 

opposite the less. 

If ACB is greater than 
ABC, ABis greater than AC. 
Proof. — AB cannot be = 
AC, for then ABC would be 
^^ = ACB, which it is not. 
AB cannot be less than AC, for then the greater side 
AC would be subtended by the greater angle ABC, 
which it is not. Therefore, since AB is neither equal to 
nor less than AC, AB must be greater than AC. 

Proposition IS.-— Theorem. 

Two sides of a tria/ngle are greater than tlie third, 

BA and AC are greater thanBC. 
Proof. — ^Produce BA to D, mak- 
ing AD = AC. JoinDC. Because 
AD = AC, ADC = ACD. There- 
fore BCD is greater than BDC ; 
_ and consequently BD, that is BA 
and AC, is greater than BC, 
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Similarly we may prove AB and BC greater tbau AC; 
and BC and CA greater than AB. 

Proposition 19.-- Theorem. 

If from ilie mda of a side of a triangle (ABC) two 
straight lines (AD, BD) he drawn to a point within the 
triangle, these straight lines a/te less than the other tuH> 
sides (AC, BC), hut th&y contain a greater angle. 

Proof. — Piwluce AD to a 

meet BC in E. Then, by 
Prop. 18, AC, CE ai-e 
greater than AE; and there- 
fore AC, CE, EB, that is ^ 
AC, CB, are greater than AE, EB. Again, BE, ED are 
greater than BD; and therefore BE, ED, DA, that is, 
BE, EA, are greater than BD, DA. But AC, CB are 
greater tJian AE, EB. Much greater, then, are AC, CB 
than AD, DB. 

Secondly, byJProp. 14, ADB is greater than DEB, and 
DEB is greater than ACB. Much greater, then, is ADB 
than ACB. 

Proposition 20.— Problem. 
To make a triangle whose sides sliall he of given length. 





Let A, B, C be the given lengths. (It is necessary 
that any two of these shall be greater than the third. 
Prop. 18). 

CoNSTBUCTiON. — ^Tako a straight line DE, and cut off 
DF = A, FG = B, GH = C. With centre F, radius 
FD^ draw a circle; and with centre G; radius GH; d^^w 
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another, catting the first in K Join KF, KG. EFQ- 
is the triangle required. 
Pboof.— KF = DF= A; KG = GH = C; andFG = B. 

Proposition 2L— Problenu 

To make a rectilinear angle equal to a given one (ABC). 

(There are two me- 
^ K thods by which this 

problemcanbe solved. 

of which the most 

general but the least 

simple is given first). 

Take any points. A, 

C, in BA, BC, and 

join AC. Make the triangle DEF, having DF = AC, 

FE = CB, ED = BA (Prop. 20). Then DEF = ABC, 

by Prop. 4. 

T) (2.) Take any point C in BC. With 

?r centre C, radius CB, draw a cirde cutting 

/ \ B A in A. Then CB = CA, and CAB 

/ I =CBA (Prop. 3).— The first method, 

/ I though more complicated in its construo- 

C tion, enables us to draw the angle at any 





/ ^^.-^C tioi 



point E. 

Proposition 22. — Theorem. 

If two sides in one triangle are equal to two aides in 
another, but the included angles are unequal; the base q/ 
thM which contains the greoiter angle is greater than tlio 
base of the other. 

If AB, AC = DE, DF 
respectively, but BAC 
greater than EDF; then 
BC is greater than EF. 
Assume DE not greater 
thanDF. Make the angle 
c^ EDG = BAC, and DG = 
AC = DF. Join EG, GF. 
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Then since DF = DG, the angle DFG = the angle DGP. 
But EFG is greater than DFG, therefore greater than 
DGF, and much more greater than £GF. Consequently 
EG is greater than EF. A^ain, since ED, DG = BA, 
AC, and the included angles are equal, therefore EG = 
BO (Prop. 2). Wherefore BO is greater than EF. 

Note. — If DE were greater than DF, the construction 
and proof would be different. 

Proposition 28.— Theorem. 

If two sides in one triangle are eqiud to tu)o sides in 
another y btU the bases are tmeqiud; the angle opposite the 
greater base is greater than the angle opposite the less. 

If AB, BC = DE, EF, but 
AO is greater than DF, then 
ABC is greater than DEF. It 
cannot be equal ; for then AC 
would be equal to DF (Prop. 
2), which is not the case. And *'' 
it cannot be less ; for then AC would be less than DF 
(Prop. 22), which is not the case. Therefore ABC must 
be greater than DEF. 

Proposition 24.— Theorem. 

Two triangles are eqtud when two angles of the one are 
equal to two angles of the other, amd when a side in one is 
equal to a corresponding side in the other. 

The proof differs according as the equal sides are be- 
tween (adjacent to) the equal angles in each, or opposite 
one of them. 

(1.) TFi^^Ae 69110^ tfu;^ ore oe^'ocen^ to totAe^t^oTi^fea. 

If ABO, ACB = 
DEF, DFE respective- 
ly, and BC = EF; then 
AB shall be = DE. 

Tirwo*, cutoffBG = 
ED, and join CG. Then 
GB,BO = DE,EF,andB 
6 b* f 
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GBC = DEP. Therefore the triangles GBC, DEP are 
equal (Prop. 2), and GCB = DFE = ACB ; which is ab- 
surd. Hence our supposition is false, and AB = D£. 
Wherefore AB, BC = DE, EF, and ABC = DEF ; and 
the triangles are equal, by Prop. 2. 

(2.) When tAe eqtuU sides are opposite corresponding 
equal OTigles, 

If ABO, ACB = DEF, DFE, and AB = DE ; then 
BC = EP. 

If not, cut off BH = 
EF, and join AH. Then 
AB, BH = DE, EF, and 
ABH = DEF; hence the 
angle AHB = DFE = 
ACB, which is impossible, 
by I^p. 14. Tlierefore 
our supposition was false; and BC = EF. Wherefore 
the triangles ABC, DEF are equal, by Prop. 2.* 



Proposition 26.-- Theorem. 

If a straight line/aUing on two others makes the aUemale 
angles equal, these two straight lines are parcdld. 

If AB falling on CD and 
EF make CGH = GHP, 
CD and EF are parallel 

.^ K -^f ^^^» *^®7 meet. Sup- 
pose they meet in K. Then 
GHK is a triangle,and CGH 
iri greater than GHF (Prop. 
14). But thk is not the case. 
Therefore CD and EF are pai*allel. 
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Proposition 26. — Theorem. 

IfaatraigJU line falling on two others Tnahea an exterior 
angle eqiuil to the interior and opposite one on the same 
side of the single line, the two straight lines are parallel. 

If AB falling on CD and EF 
make AGD = GHF, CD and 
EF are parallel. 

Proof. — Since AGD = C ^ p 

GHF, and also = CGH (Prop. 7 

10) ; therefore CGH = GHF; ? ^ ? 

and CD, EF are parallel, by 
Prop. 25. /B 

Proposition 27.— Theorem. 

If a straight line falling on two others makes the tivo 
interior' angles on the same side of the single line equal to 
two right angles, tJie two straight lines are parallel. 

If AB falling on CD and EF 
make CGH, GHE = two right 
angles ; CD and EF are paral- « 
lel. ^ 

PROOF.—Since CGH, GHE j 
= two right angles, and GHE, 
GHF = two right angles, 
(Prop. 9); CGH, GHE = GHE, 
GHF. Hence CGH = GHF; which are alternate. 
Wherefore CD, EF are parallel. 

Proposition 28. — Theorem. 

If a straight line fall on two parallel straight lines, it 
makes — 

(1.) The exterior angle equal to the interior and opposite 
a/ngle on the same side of tfie line ; 

(2.) The alternate angles equal ; and 

(3.) Tlie two interior angles on the same side of the line 
equal to two right angles. 
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If AB falls on the parallels 
CD, EF, it makes 
D (1.) AGD = GHF. 

For since CD, EF never 
Jf meet (Def. 29), they must 
be similarly inclined to any 
straight line which crosses them 
(Ax. 3). Hence AGD = GHF. 
(2.) CGH = GHF. 
For CGH = AGD = GHF. 
(3.) Also DGH and GHF = two right angles. 
For AGD = GHF; therefore AGD and DGH = 
DGH and GHF. 

But AGD and DGH = two right angles (Prop. 9). 
Wherefore DGH and GHF = two right angles. 
Note. — ^This proposition embraces the converse of the 
last three. It is impossible to prove it without assuming 
some positive property of parallel straight lines ; and the 
assumption in the text, that parallels have the same in- 
clination to any straight line crossing them, appears one 
of the most simple. (In writing out the proposition, the 
student shotdd be careful to draw attention to the nature 
of his assumption.) 

CoR. — ^It follows from this that straight lines parallel 
to the same straight line are parallel to each other. 



Proposition 29.— Problem. 

To d/rcm through a given point (A) a parallel to a given 
straight lins (BC). 

Construction. — ^Draw AD to 
any point D in BC. At the 
point A draw the angle DAE = 
ADC. Then EA is parallel to 
■^ BC, by Prop. 25. 
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Proposition 30.— Theorein. 

If one aide of a triangle he produced, tJie eocterior angle 
18 eqtud to the two interior arid opposite angles. 

If BC be produced to D, the 
angle ACD = the two angles at 
A and B. 

Construction. — Draw CE 
parallel to BA. £' 

Proof. — ACE = the angle at A; and ECD = the angle 
at B (Prop. 28). Therefore ACD = the angles at A aiid B. 

Proposition 31. — Theorem. 

I%e three angles of a triangle are eqiud to two right 
angles. 

With the last figure, since ACD = the angles at A 
and B, add to each side the angle ACB. Then the 
three angles of the triangle = the angles ACD, ACB = 
two right angles (Prop. 9). 

Proposition 32. — Theorem. 

The i/nner angles of a rectilin>ear figure, with four right 
angles, a/re equal to twice as many right angles as the 
figure has sides. 

The figure may be divided into as 
many triangles as it has sides, by 
joining the angular points with any K^ 
point F within the figure. Then (Prop. 
31) all the angles of these triangles = _ 
twice as many right angles as the ^ 
figure has sides. But all the angles 
of these triangles = the inner angles of the figure, with 
the angles at F; that is, the inner angles of the figure, 
with four right angles (Prop. 10, Cor.) Hence, the inner 
angles of the figure, with four right angles, are equal to 
twice as many right angles as the figure has sides. 




86 



GEOMETRY. 



Cor. — From this proposition it readily follows that the 
outer angles of a rectilinear figure, made by producing the 
sides successively in the same direction, are equal to four 
right angles. 

For all the inner and 
all the outer = twice as 
many right angles as 
the figure has sides 
(Prop. 9) ; which ai-e 
= all the inner, with 
four right angles (Prop. 
23). Therefore all the outer angles = four right angles. 




Proposition 33.— Theorem. 

TJie straight lines joining tJie ends of two eqtud and 
parallel straight lines are theriuelves equal and parallel. 

n If A B is equal and parallel 
to CD, AC is equal and 
parallel to BD. 

Proof. — Join BC. Then 
AB, BC = DC, CB, and 
C ^ ABC = DCB (Prop. 28) ; 

therefore AC = BD, and ACB = DBC (Prop. 2). And 
since ACB = DBC, AC is parallel to BD (Prop. 25). 
Hence AC is both equal and parallel to BD. 




gi-am. 



Proposition 34.— Theorem. 

TJie opposite sides and angles of paralleLograms are eqvxd. 

J) Let ABCD be a parallelo- 

Join AC. 

Proof. — Since theopposite 

sides are parallel, the angles 

B C DAC, ACB are equal; as also 

ACD and BAC. And AC, between the equal angles, is 
common to the two triangles. Therefore these triangles 
are equal (Prop. 24) ; and AD = BC, DC = AB. Also 
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the third angles in the triangles, B and D, are equal ; as 
also are BAD, DCB (Ax. 2). 

Cob. — It appeared in the proof that the parallelogram 
was bisected by AC. Hence parallelograms are bisected 
bj their diagonals. 



Proposition 85.— Theorem. 

Parallelograms an the same base and between tlie same 
parallels a/re eqital. 

If ABCD, EBCF are on the same base BC, and be- 
tween the parallels AF, BC ; then ABCD = EBCF. 

(1.) When D and E coin- 
cide. 

Since each parallelogram is 
double of the triangle DBC 
(Prop. 34,(7or.); the parallelo- 
grams are equal (Ax. 1). 

(2.) When AD, EP 4. 
do not meet. 

Let the intersection of 
BE, DC be G. Since 
AD = BC = EF; there- B^ 
fore AE = DF (Ax. 2). 

Since EA, AB = FD, DC, and BE = CF, therefore the 
triangle EAB = the triangle FDC (Prop. 4). Take away 
DGE from both. Therefore the trapezium DABG = the 
trapezium FEGC. 

To these equals add GBC ; then ABCD = EBCF. 

(3.) When AD, EF overlap. 

As in case 2, AD = EF, and sub- 
tracting ED, AE = DF. Also the 
triangle EAB = the triangle FDC. 
Add DEBC to each 3 then ABCD 
= EBCF. 
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Proposition 86.— Theorem. 

Pa/i^aUdograma on equal bases and bettoeen the same 
pa/raUeU a/re eqyxd. 

^ AC, EG, on equal bases BC, 

^ TxT — "P^ ^^9 *"^^ between the parallels 

BG, AH, are equal. 

Join BE, CH. Then BC = 
■^ FG = EH, and BC, EH are 
equal and parallel. So also 
therefore are EB, HC (Prop. 33); and EBCH is a 
parallelogram. 

Hence AC = BH = EG. 



Proposition 87.— Theorem. 

Triangles on the same base and between the same pa/raHMs 
a/re equal. 

For each triangle is half the parallelogram on the same 
base and between the same parallels. Therefore the 
triangles are equal, by Ax. 1. 

Proposition 88.— Theorem. 

Triangles on equal bases and between the same parallels 
a/re equal. 

For each triangle is half the parallelogram on the same 
base and between the same parallels ; and these parallelo- 
grams are equal, bj Prop. 36. Therefore the triangles are 
equal, bj Ax. 1. 

Proposition 89.— Theorem. 

Equal triangles on the savne base and on the same side 
of it a/re between the same parallels. 
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If ABC = DBC, AD 
is parallel to EC. 

If not, let DE be par- 
allel te BC, and let it cut 
AC, or AC produced, in 
E. Join EB. 

Since DE is parallel to 
BC, the triangles EBC, DBC are equal (Prop. 37). But 
so are ABC, BDC. Therefore EBC = ABC ; which is 
absurd. Therefore AD is parallel to BC. 




Proposition 40.— -Theorem. 

Equal triangles on equal bases in the same straight line, 
both above or both below, a/re between the same parallels. 

If ABC = DEF, AD is 
parallel to BF. 

If not, let AG be parallel, 
cutting DE in G. Join GF. 

Since AG is parallel to BF, 
GEF = ABC (Prop. 38). 
But DEF = ABC. There- 
fore GEF = DEF ; which is 
absurd. Therefore AD is 
parallel to BF. 




Proposition 41.— rTheorem. 

A pa/rdUdogram is double of all triangles on the samie 
base a/nd between the sa/ms parallels. 

ABCD is double of EBC, 
where EAD is a straight line. 
Join BD. 

Proof. — ^ABCD is double 
of DBC ; and EBC = DBC. 
Hence ABCD is double of 
EBC. 
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PropoBition 42.— Problem. 

To draw a parallelogram eqwd to a given triangle 
(ABC), and having a pair of angles equal to a given 
angle (D). 

Construction. — ^Bisect EC in R At E draw an 
angle CEF = D (Prop. 21). Through A draw AFG 




pai-allel to EC ; and through C draw CG parallel to ER 
Then FECG is the parallelogram. 

Proof. — FECG is a parallelogram, and it is double of 
.\EC (Prop. 41). But ABC is double of AEC (Prop. 38). 
Therefore FECG = ABC, and has the angles at E and 
G = D. 

Proposition 43. — ^Theorem. 

The complements o/t/ie paraHelograms Jormed hy draw- 
ing paraUds to ^ the sides of any paraUdogram intersecting 
in its diagonal are equal. 

That is, EG = HF. 
P R o o F. — The triangle 
ABC = the triangle ADC ; 
similarly AEK = AHK, 
and KGC = KFC (Prop. 
34, Cor), Therefore the re- 
maining part EG = the remaining part HF. 

Proposition 44. — Problem. 

To a given straight line (AB) to apply a paraUdogram 
equal to a given triangle (C), and Juiving a pair of angles 
eqtud to a given angle (D). 
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Construction. — [(1.) By Prop. 20, taking a straight 
line BP, terminated in B, and making an angle PBG 




/ 




with AB produced equal to D, draw a triangle BPQ = 
C. Bisect BP in E ; and (2.)—] * 

Make the parallelogram BEFG = C, and having the 
angle EBG = D. 





Complete the parallelogram AE. Join HB, and pro- 
duce it to meet FG produced in K. 

Complete the parallelogram FL. Tlien BL is the 
required parallelogram. Produce EB to meet LK in M. 

Proof. — The complement BL = the complement BF 
= C. And the angle ABM = the vertical angle 
EBG = D. 



Proposition 45.— Problem. 

To draw a 'parallelogram equal to any rectUinea/r figure 
(ABCD...), and Ihavitig an angle equal to a given 
angle (E). 

* It is not necessary to write out the hracketed part of the 
construction, which is inserted here as an exercise. 
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CoNSTauCTioN. — ^Draw a parallelogram FGKL equal 
to the triangle ABO, and having an angle FGK = E. 




/ 




To HK apply a parallelogram HM = ACD, having 
an angle HKM = E. And so on, for as many triangles 
as ABCD... consists of. Then FX is the required 
parallelogram. 

Proof.— Since the angle FHK = FGK = E = 
HKM, therefore FH is parallel to KM. In a similar 
manner it may be shown that every part of GX is 
parallel to FH ; and that every part of FY is parallel 
toGK. 

Therefore FY and GX are straight lines, and parallels. 
Hence FX is a parallelogram; and it is equal to the 
figure ABCD..., and has the angle FGX = E. 

Proposition 46.— Problem. 

To draw a squa/re on a given straight line (AB). 

Construction. — Draw AC, BD at 
P right angles. Cut off AE, BF = AB ; 
' and join EF. Then AF is a square. 
Proof. — AF is equilateral. And 
since A and B are right angles, AE, BF 
are parallel (Prop. 27) as well as equal. 
Therefore AB, EF are parallel (Prop. 
33) ; and AEF, EFB are right angles. 
Hence AF is a square (Def. 25). 
Cor. — Hence it is clear that if one angle of a parallelo- 
gram is a right angle, so is each of the others. 
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Proposition 47. — Theorem. 

Hie nqvjo/re on the hypotenuse of a right^mgled triangle 
18 equal to tlie equa/res on the sides. 

If C is the right 
angle in ABC, the 
square on AB = the 
squares on AC, CB. 

Construction. — ^ \I2 

Draw the squares 
ABDE, BCGH, AF. 
Draw CK parallel to 
BD, and join CD, CH. « cI^^TTb' 

Proof. — First, since 
GCB, ACB are right 
angles, ACG is a 
straight line ; and it is parallel to BH. 

Then, since the triangle CBD and the paralle^gram 
BK are on the same base, and between the same parallels 
BD, CK, BK is double of CBD. 

Again, for a lika reason, BG is do^jble of ABH. 

Now, since CBIi = CBA (being a right angle), there- 
fore the angle ABH = the angle DBC-; and the sides 
AB, BH = DB, BC. 

Wherefore the triangle ABH = the triangle DBC; 
and consequently their doubles GB ^!d BK are equal. 

Similarly we may show that FA = AK. 

Therefore AK and BK, that is, the square on AB, == 
the squares on AC and CB. 



c\> 



Proposition 48.— Theorem. 

If the aqtiare on one side of a triangle is equal to the 
squares on the other sides, the angle eontained by these 
latter sides is a right angle. 
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If the square on AB = the squares 
on AC, CB, ABC is a right angle. 

Draw CD at right angles to AC, and 
make CD = CB. Join AD. 

Then ACD is a right-angled triangle, 
and the square on AD = the squares on 
B AC, CD. 

Bat, since CD = CB, the square on CD = the square 
on CB. Therefore the squares on AC, CD = the squares 
on AC, CB. 

That is, the square on AD - the square on AB ; or 
AD - AB. Hence, in the triangles ACD, ACB, we have 
AC, CD = AC, CB, and AD = AB ; 

Therefore, the angle ACD = the angle ACB. 
But ACB is a right angle ; therefore, ACB is a right 
angle. 



ALGEBEA. 



EXPLANATION OF SYMBOLS. 



1. Algebra is an abbreviation of Arithmetic, by means 
of symbols, contracted methods, and the representation of 
unknown quantities. 

2. The letters of the alphabet are used to represent 
either abstract numbers or concrete quantities. The last 
letters of the alphabet, especially x, if, and «, usually de- 
note quantities whose numerical value is not known. 
(Compare the use of a in arithmetical proportion.) 

8. The sign of addition is + , "plus;" thus, a + h. 
The sign of subtraction is -, "minus;" thus, a - b. 
When it is uncertain which of two terms is the greatest, 
their difference is expressed thus, a f^*^h. Multiplication 
is expressed by x , by a point, or by the absence of signs ; 
thus, a X 6, a . 6, or a6. Division is expressed thus, 
a -^ 5, or ?. . 

4. The sign of equality is = ; .*. signifies " therefore;" 
V , " because ;" >-, " greater than ; " -<:, " less than." 

5. When a term is multiplied by itself, it is said to be 
raised to a power. Thus a x a = second power of a, 

written a^; * and inversely, JaJ^ -a. Soaxaxa 

= o*; and ^a* = a. The square root of a, or ^a, is 

also written a*, or — ^ ; so ^a is written a^' or — -. The 



a-^' ^ a-^ 



* Called ** a squared." The powers are also called dimenmm 
of the base. 
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numbers denoting the power of any qvumtity are caUed 
indices or exponents. The quantities themselves are 
called the bases of the powers. When no index is written, 
1 is understood. 

6. The reciprocal of a is ^ or a~'\ 

7. A quantity preceded by + is called positive; pre- 
ceded by - , negative. When no sign is given, + must 
be understood. Thus a-b= + a-b. 

The sign E signifies " is equivalent to." 

8. A number multiplying the value of a letter is called 
a numerical cO-efflcient ; as 3 a. A letter may be called 
a literal co-efficient when it precedes another ; thus, ax. 

9. A term is a single quantity or product, as a, ax, ^. 



An expression consists of two or more terms connected 
by + or -; as ax + bx - coo. 

10. An expression enclosed in brackets, or under a 
vinculonii is to be treated as a single term. Thus 

{ax + So? - ex), or ax + bx - ex. If a co-efficient is 
common to all the terms in an expression, it may be 
brought outside a bracket. Thus, ax + bx - ex = 

X (a + b - c)y or X , a + b — c. A co-efficient outside 
a bracket is intended to multiply each term insida 

11. The order of the factors in any product is immaterial. 
Thus, aibed = bcda, &c. It is well always to arrange 
them according to the order of the alphabet, and to place 
the numerical co-efficients first. 

12. When the sum of the indices in each term of an 
expression is the same, the expression is said to be 
homogeneous. Thus,a^6 -i- bed + i^ia homogeneous; as 

also is --. + a% - — =-f or a*6*"^ + a^b - a*b*c~'\ 
b (^ 

13. An expression of two terms, as a + 6, is called a 
binomial; of three terms, a trinomial; of more, a 

multinomial. 
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THE FUNDAMENTAL RULES, 

Collection. (Addition and Subtraction.) 

14. When we have two or more single terms, in which 
the letters are alike, and also their signs, we may add 
them together by simply adding the co-efficients. Thus, 
the sum of 3 a5 and 5 abia Sab; the sum of - 5ab and 

- 4 a5 is - 9 ab; the sum of ax and 6a; is (a + b) x. 

15. In the same way we may find the difference 
between two terms of a like nature by subtracting the 
least from the greatest co-efficient. Thus, the difference 
of ± 5 a and ± 3 a is ± 2 a. 

16. But if the letters are alike and the signs unlike, 
we must subtract the least from the greatest co-efficient, 
and the difference will retain the sign of the greatest. 
Thus, -Sa + 5a=2a;3a-5a= -2a. 

17. If the letters are unlike, whatever the signs of the 
terms may be, we must leave the expression as it is. 
Thus, 5a + 36-4c cannot be written in any other form, 
unless indeed we know the numerical values of a, b, c, 
and substitute them. 

18. And, generally, since the positive or negative signs 
prefixed to each of the terms in an expression are suffi- 
cient in themselves to indicate whether the terms are 
supposed to be added to or subtracted from those which 
precede, we need not necessarily employ the terms 
Addition and Subtraction in Algebra; but we might use 
instead the single term Collection. 

19. When we take b from a, the result is expressed by 
a - b ; that is, a diminished by b. So a - (6 + c) = 
a - 6 - c. 

Again, suppose we have to take b - c from a. It is 
clear that a - b is less than the true result, for we have 
taken away b, which is too much by c. We must there- 
fore make the result greater by a; that is, a — {b - c) 
= a ^ b + c. 

5 E. Q 
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Or, in another example ; suppose we have to subtract 
- b from a. The term - b denotes, or rather maj be 
conceived as aomeiliing leas thcmi by b. If, then, we take 
from a, the result will be less than the true result by 6. 
Hence the true result will be greater than a, by b. 
Therefore a - {- b) = a + b. 

20. Generally, therefore, if we have to subti'act one 

expression from another, we must change the signs of all 

the terms in the subtrahend, and proceed to collect the 

terms in both minuend and subtrahend. Thus — 

(a + 25~3c)-(2o-46 + c)=a + 26-3c 

-2a + 46-c= -a+66-4rc. 



Multiplication. 

21. Since a* x o' = (a x a x a x a), (a x a x a) 
= a^ by definition, it is clear that in order to multiply 

together di£ferent powers of the same base, we have 
simply to add the indices. The numerical co-efficients (if 
any) are to be multiplied arithmetically; and powers 
of different bases are to set down side by side. Thus, 
3a»6Ve X 4a!'bc'd = 12a«6*cVe. 

When two expressions in brackets are placed side by 
side, with the sign of multiplication, or without any sign 
between them, all the terms of one expression are to be 
multiplied by each term of the other. Thus, (a + b) 
(c + d) = (a + b) c + (a + b) d = ac + be + ad + bd. 

22. Now suppose we have to multiply a - 6 by c - d. 
It is clear that (a - 6) c is greater than the true result, 
because we have multiplied a - 6 by a term greater than 
the proper one (c - d), by d. Hence, we must first 
diminish the result hjad; which gives us (oc - ^ - €ul). 
But now the result is too small, for we have taken away 
ad, when we ought only to have taken away (a - b) d. 
Hence we must compensate the result by increasing it by 
bd. Thus, (a - b) {c - d) ^ ac - be " ad + bd. 

Hence, in multiplying togetiier any two terms, if their 



INDICES. 99 

signs are alike (both + or both - ), the sign of the pro- 
diict must be + ; but, if the signs are unlike, the sign of 
the product must be - . 

23. The following examples will show how the multi- 
plication of binomials, trinomials, &c., is to be effected : — 

(I) a -r b (ii.) a - b (iii.) a + b 

a + b a — b a — b 



a^ + aJb a^ - ab a" + ah 

+ ab ■¥ b^ - ab + b^ - ah - ¥ 

a^^'l ab + ab^ d'-'l ab + b^ a^ - b^ 

(iv.) a^ + 2ab + b^ (v.) 0^-2 ah + b^ 

a + b a " b 

_+ a^b + 2 a5^ + b^ 
c h3a^~6 + Sa^^ + fts 

(vi) a'- ab ■{■ b^ 
a + b 



a^- a^b + ab^ 
+ a^b - aW + b^ 



a^^2a:'b + ab^ 
- a^b + 2ab^- 


5» 


a^ - 3a^b + S ab^ 

(vii.) a^+ ab +.6^ 
a - b 


- 6» 


a^+ a^b + ab' 
- a^b - ab^ 


- b^ 



a 



9 .7.3 ^3 



+ b"" a^ - 6» 



These seven results are worthy of being remembered. 
They may be written down in another form : — 

(i., ii).... {x±yY = a?±2xy-¥if, 

(iii.) (« + y) {x -y) =0^"- if, 

(iv., V.)... (a; ± 2/)' = ar* ± 3 ar^i/ + 3(tif±'f, 

(vi., vii.). {x ± y) (^^xy + 2/^) = a* ± 3^. 

Indices. 

24. We have seen that dJ x a* = a'+* = a"; and 
a? -T a^ = c^"^ =^ a^ 'y or, generally, 



a"" X d* = a*" + "; 



cr \ (A.) 



/ 
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and henoe — is correctly represented by «"•. 

25. Again, if we agree to represent ^a by or, and 
ild^ by a' ^ * = a^ ; or, generally, 

JL 
n 

1 I 1 « 

it is correct to represent -^r- by a-^and ^i7=-by a^i^' 

Hence we may conclude that the formulas (A) in § 24 
are true, whether m and n are integers or fractions, 
whether positive or negative. 

26. What is the value, or meaning, of a® 1 



a** 
a"* 



_ ^m-m _ ^0^ whatever m may be. 



a"* 



But — = 1 always. 
Therefore a° =1. 



1 



27. We have assumed that >/a" z=a^m. An ex- 
amjjle will make the truth of the assumption more clear. 

(a' ) ' = (a X a X a) x (a x a x a) x {axay^ a) 
= a', by definition, = d?^\ 
So Jc^ — J{axaxaxaxaxa) = axaxa = a^ = 



a«^*. 



28. It is clear that Va x v^6 = a"* x 6"* = (a x 6) "» = 

Ij/a6. Thus, when two factors are under the same index 
or root, the bases may be multiplied together, and the 
common root affixed. This operation is sometimes useful 
in cases like the following : — 

Suppose we have to simplify the expression -t^- ,_». 

VlO- V'l 

Neither of these roots can be exhausted precisely, for the 



DIVISION. • 101 

results would be interminable decimals. But, if we multi- 
ply numerator and denominator bj »J10, the expression 

becomes . j^=.^=^. = -.^= r^ = --• 

VlOO - J'l X 10 VlOO - VI 9 

Division. 

29. The division of algebraical expressions by binomial 
or multinomial divisors is analogous to the process of 
" long division " in arithmetic. It is necessary, however, 
in the first place, to arrange both dividend and divisor 
according to ascending or descending powers of some 
" letter of reference " occurring at least once in each 
expression. 

30. The following examples will illustrate the methods 
of division : — 

12fW-_15«W + 24a^c-3a6c = 4 ^.j^ - 5 aV + 8 6 - 1. 

3abc 
X - y)x^ - 2xf/ + i/^(x - 3/. X - y)a? - 2^(0^ + xy + 'tf 
a? - xy a? - a?y 

- xy + 2^ + a?y 

- xy + if * a?y - xif 

+ a^ - y» 
^ - ^ 

With the last two examples compare (ii.) and (vii.) of § 23, 

a* - hT)a? - 2ab + h\a^ + 06* - a^a - &*• 



a^h^ ' 2ab 
a^b^ - ah 
- ah 



- ah + a^b^f 



- aib^ + 6« 
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Common Measures and Multiples. 

31. The remarks contained in § 33 — 37 of the Arith- 
metic, with resJ3ect to measures and multiples of numbers, 
are equally applicable to algebraical expressions. The 
process for finding the G.C.M. and the L.C.M. of two or 
more algebraical quantities is precisely the same as for 
arithmetical quantities. 

32. In finding the greatest commmi measure of two 
quantities, the dividend or divisor at any stage may be 
multiplied or divided by any term or expression. The 
multiplication is useful to avoid the introduction of 
fractional co-efficients ; the division (when there happen 
to be factors common to every term) alDbreviates the work. 

Ficd the G.C.M. of 2 a* + 4 a^6 + 2 6^ - 2 c^; 

and a* + 2a^b + 2a^c + b^+ 2bc + cl 

(Remove the factor 2 from the first quantity.) 
a*+ 2a^b + h^-(^a* + 2a^b + 2a'c+b^ +2bc + c'{l 

a* + 2 a^6 +6" c" 

2a^c +26c + 2c' 

(Remove the factor 2 c.) 

a^ + b + c)a*%2a^b + 6= - cV + b - c 
a^ + €^b + (J?c 

d^b - a^c + b^ - c^ 
a^b + b^ + be 

- a^c - be - c^ 

- a^c '- be - c^ 



The G.C.M. =- a^ + b + c. 

33. The least common multiple of two or more quanti- 
ties, when it cannot be found by inspection, must be got 
by either of the methods employed in arithmetic. Thus — 

L,C.M. of a" + 2 a- 3 and a' + 5 a + 6. 

a^ + 2 a - 3 
G.C.M. = a + 3, .-. L.C.M. = « 

X (a^ + 5 a + 6) = (a - 1) (a^ + 5 a + 6) 
= a' + 4:a* + a - 6. 
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L.aM. oia? - 2.xy + f,a? - fyO? " y^.vf - y^. 
a? - 2xy + 'if=(x--yS(x-y\, 
Q^ - f = (a: - y Waj + y), 

a? - ^ = (x - y) (a^ + xy -{■ y^). 

X* - y* = (ar* + f) {x + y) {x - y). 

.-. L.C.M. = {x" yf (x + y) (x' + if) {oi^ + xy + y^. 

34. Examples. 

I. (§ 1— 13)—- Whena = 0, 6 = 1, c = 2, cZ = 3, e = 4, 
/ = - 6 ; find iyhe arithmetical values of the following 
expressions : — 

a + 2b-3c + 4:d-{- 2/. 5 aJ)cd + 5 bcde + cdef. 

2 a6 + 2 &c + 3 ccZ + 2 ^. ab(b +c + d) - hd(6 +/) - 
a{b + c) + b{c + d). ce{b - 2/). 

ei« + fta ^ c'' - /* + bed, qft + cd _ cd + de ^ 

sfUc+JUdi-Jb^/, — -J- ^-r 
"^ y9d-^2 ^2bce-7 i/b*. 

2(a + 6)-2(6 + c)-^(c + rf). "^ 

II* Add the following expressions, two or more, to- 
gether ; and subtract any one from any other : — 

2a + 36 + 4c-e. 2 abc - 3 cde + 4 bed - 5 def, 

2b + 3c^^e + a, 6 def- 7bcd + icde +11 abc, 

3c? + 6c + 4a-6. 8 cde - 11 a5c - 4 bed + c?c/! 

c+2e--5a+6. 6 abc + 8 cj/e - 5 cc?6 + crfe. 

96 + 5a-6c + 5e. cba - efd + 10 bdc - 5 cec?. 

III. Multiply— 

a' 4- 3 a^6 + 3 a5^ + 6^ by a + 6, a + 2 6, a - 3 6/ 

a* + a'6 + a«6' + a65 + 6*bya-6, a»-6', a-26. 
a^b^ + ab + aH^ by a^ - bi- 
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IV. Divide— 

a» - 5 a^h + 10a»6^ - 10a»6» + 5a6* - 6»by a - 6, 

a» - 4a'*6 + 6a»6« - 5 a^V + 3a6* - 6» by a' - 2a*6 
+ a^' - 6', a - 6. 

a» + 3a5» - 6^ - 3a'6 by a - 6, a* + 6^ 

V. Find the G. CM. of a' + 3a'6 + 3.a6* + 6»anda» + 
d^h + oft* + 6' j of a* - Q^ and a^ - 3 (kc (a - a;) - aj^ ; of 
a' + 6^ + »" - 2 a(6 + a;) + 2 6a:and a^ - 2 a5 + 6* - ar'. 

VI. Find the L.C.M. of a + a;, a - a;, a' + ar^, a* - a?* ; 
of (a* + xyf^ (a* - xyf^a^ - aJ*y* j of a' + d^x + aa^ +a^, 
a - X, a^ + a^. 

Fractions. 

35. The rules for algebraical fractions are exactly 
analogous to the rules for arithmetical ratio-fractions. 
The following examples will illustrate the mode of 
working : — 

x + y ^ ^-y _ (a; + yf + (a? - yf _ 2 (ar' + f) ^ 
X — y X + y {^ — y) {x + y) ^ - 2^ 

X + y X - y _ {x + yY - (x- yY _ 4: xy 
X " y X + y" {x - y) {x + y) ~ aP - jY' 



3x 



,^±yx^_zl=i. 



a? - ^ 3 X 

X - I a^ - 1 X - 1 ar'-ie aj + 4 
a;-4*a;*-16 a;-4 a*- 1 a;+l 

a? 

36. The expression a + x + , is m the form of a 

a —~ X 

mixed number, and may be treated like 2 J ( = ^ ^ ^ = V )• 

^ ar» (a' - ar*) + x^ a" 

Thus, a + X + = -^ = 

. a -X a " X a - aj 

37. To reduce an algebraical fraction to its lowest 
terms — ^in other words, to simplify it, we must, as with 
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arithmetical ratio-fractions, divide numerator and denom- 
inator by their G.C.M. This can generally be effected 
by inspection; namely, by resolving numerator and 
denominator into their elementary factors, and striking 
the common factors out of both. 

38. One of the greatest difficulties of algebra is over- 
come when the student can resolve expressions into their 
elementary factors, with ease and rapidity. Familiarity 
with such formulas as those given in § 23, greatly assists 
this process. "We add a few more useful hints. 

39. Since (x + a) (x + b) = a^ + (a + h) x + ah, 

(x + a) {x - hS = a? + la -- h\ X -■ ah, 
(x — a) (x - b) = a^ — (a + h) X + ab, 

it is clear that we may resolve any expression of the 
form aP ±px ± q into its two elementary factors, or into 
two factors fiurther resolvable, by finding two numbers or 
letters (a, b) such that q is their product, and p theii* 
algebraical sum. 

Thus, a^ + 5 a + 6 = (a + 3) (a + 2). 
a' + a - 6 = (a + 3) (a - 2). 
«« - 5 a + 6 = (a - 3) (a - 2). 
ar^ - aj - 72 = (a; - 9) (a; + 8). 
ar^ + a; - 72 = (a; + 9) (a; - 8). 
ar» + 17a; + 72 = {x + 9) \x + 8). 

a? + 2ax + a^— 6* = ar*+ (a + b + a — b)x 

+ (a + b) {a — b) 
= (x -i- a + o) (x + a — b). 

a? 4- 2 6a; — a^ + 6^ = ar* + (a + 6 — a — 6) a; 

— (a + 6) (a — b) 
= (x — a + b) (x + a + b). 

The last two cases might have been more simply 
resolved by observing that 

ex? + 2ax + a^ ^ b^ = (x + af — b^, 
a? + 2bx - a^ + b^ = {x + by - a^ 

« 

and referring them to § 23, iii 
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40. It will be found that 

£c" - a" is divisible without remainder 

hj X + a when n is even; and 
hy X - a whether 7i is even or odd, 

a" + a*^ „ hy X ■{- a when n is odd, but 

by a; - a never. 

These facts may be remembered by observing that 

^ _ a 

leaves no remainder : 

X ± a 

X - a 

X ■{• a 

~xT~a " " 



, The results of such divisions may always be written down 
after the following patterns : — 

a?-cf 

— - — = oi^±a^ a + 3ii^a^±x*a^ + a^a^±ixPa'^ + xa^±a^. 

x±a 

0^ — dJ 

= a^ + afa + ara^ + 7?o^ + ara* + xa^ + a?, 

x-a 

0^ + cil 

= a?''t)i?a + o(^a^-a?a?-\-a? a^-x€^ + a\ 

x-va 

Surds. 

41. Ail expression indicating the extraction of a root 
which caunot be found in precise terms is called a sord. 

Thus, J% 4^4 are surds. It is sometimes possible to 
simplify quantities involving surds, without having to 
perform die extraction indicated. One example has 
already b^en jgiven in § 28. 

When th^ Expression is in the form of a fraction, we 
can generally simplify the d^Tiomirujttor by making use 
of the formula (a + 6) x (a - 6) = a' - 6'. 
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Thus, /- -J , where we may take ^a and Jx, 

to represent quadratic surds. 

Multiply numerator and denominator by Ja + Jx ; 
then 

Ja + Jx _ (J^-^ J^y q + a; + 2 J ax. 

Va"- ^aj " {Ja- Jx)(Ja+ Jx)" a-x 

Again, to take an arithmetical example — 

>/12- JS _ _ ( /12 - J 3y 12 + 3-2^36 

>/12+ V"3"(>/12+ V3) (V12- V3) 12-3 

_ ^^-12 3 1 
"9 ~'9'"3' 



The formulas in § 40 show that a factor may be found 
to rationalize any binomial surd. Thus — 

a* + yj = —I T-\ 5—5 r~a r"4 8 , as will 

a;* - 03'^*^ + ^y^ - a^y + ^V"^ " V 

be found on trial. The binomial a^ - y" may be written 
ajT _ yf# or (a;^)' - (;v^)'. Thus, the rationalizing factor of 
a;v + yj = cc^ - ar'?/^ + a;^y^ - xy + x^^y^ - y^. And 
similarly for x^ - y'^. 

43. Examples. 

I. Perform the operations indicated in each case. 

,^.a + a; a - x a + x 

(1.) + T -:. 

^'a-aj a + X a* - ar 



J 
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(3) ^ + (a? - yf-!^-'^{x-'y^z){xz- yz) 
^ '' x-y-z a^ + y'^ + ;;^-'2 {xy + xz + yz) 



a + X a — X 

+ 



/^ \ a — X a + X a 



2 a a^ + aP 

a + x 

/K X . C 1 fl&-a; a^-ax + T?) a-x 

(5.) a + 35 J + -T — -5 X —ji 5 > • 

^ ' \a-a; «+^ a^ + ciaj + ar' J a-a;+ 1 

II. Resolve into elementary factors — 

(l.)ar»-7aj+12. (2.) aP-2a^-S5. 

(3.) ar^ + 4 a^ - 32 3^. (4.) a'b^- 17 abx^ 60'ar*. 

III. Write down the quotients of — 

(1.) ^- (2.) — 2— Ta- (3.) ^• 

^ ^ x-y ^ ' a? + b^ ^ ' x-y 

(a + a)' + (6 + y)* + 2 (a5 + ay + ftas 4- by) 
^'^ a + 6 + aj + 2/ 

IV. Simplify the expressions — 
And rationalize the denominators of — 

V. Simplify the following expressions : — 

^ ' x — y X + y aP — y^ x + y' 

(2.) ( 1 + \ + ,—^ ). (a^ + c 

^'Va+6 + c a - + c b + c - a/ ^ 

+ 2ac - b^) {c - a + b). 



,3 
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^ ^ a + a + c a + d (a - h) {a - d) 

_JL !_ 

I - m m - n ,, , „. 

(4.) — T :j (Im ■{■ In + mn + w^). 



(5.) 



I -V vfh ^ in ^ n 
1 



1 

a + - 



1 

a + 



a + r 



xy + z 
15a^ - 2x1/ - 2if 



(7.) 



3a; — 4^/ 



/Q \ 1 i. 84 /2 - 124 Zmri + 32 mV 

(o-; 3 o* Q-/ 

06 — mn 

(Q\ n/-000064 - TooUoiT . 
^ '^ 199999 



(10.) 



5* 



8 - 5 ^5 



Simple Equations. 

43. When two algebraical expressions, one or both of 
which involve a single unknown quantity, are equal to 
each other, the statement of the equality is called an 
equation. The vahie of the unknown quantity may be 
found from an equation in terms of the known quan- 
tities ; and this process is called the solution of the 
equation. An equation is called simple when only the 
fii:st powers of the unknown quantities enter into it; 
quadratic when the second powers are involved. 
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44. The solution of an equation proceeds upon the 
axiom that, if the two sides or members of it be affected 
in a precisely similar manner, the equality is not de- 
stroyed. Thus we may add a quantity to, or subtract it 
from, one side ; or we may multiply or divide one side 
by any quantity, if we perform the same operation with 
the other side. For instance, we may transpose any 
term from one side to the other, changing + to — , or 
- to + , since this merely amounts to subtracting the 
said term from both sides. 

45. The general method of solving simple equations 
may be thus stated. Remove ratio-fractions by multi- 
plying throughout by the L.C.M. of the denominators. 
Bring the terms involving the unknown to the left side ; 
the others to the right. Divide both sides by the co- 
efficient of the unknown. 

Thus, solve ^-±^ - ^J-J. --. 2a: + ^ - ^^ 

3 5 2 

Multiply throughout by 30 : 

10 (a; + 1) - 6 (aj + 3) = 60 a: + 15 (a; - 81) ; 

or, 10 a; + 10 - 6 a; - 18 = 60 a; + 15 a; - 1215. 
Collect the terms : 

10a;-0aj-60aj-15a;= - 1215 -10 + 18; 
or, - 71 a; = - 1207. 

Multiply by - 1 : 

71 aj = 1207. 
Divide by the co-efficient of x : 

«,____ 17. 

46. Some equations appear to be quadratics, when they 
are really simple. Thus ; 
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X + I _ 4cX + 5 

Sx +2 " 12aj + r 

.-. (x + 1) (12 aj + 1) = (4 a; + 5) (3 a; + 2) ; 

or, 12cc- -H 13a; + 1 = I2ai'+ 23a; + 10 j 

or, 13aj + 1 = 23 a; + 10. 

.-. 10a; = - 9 
- 9 



x = 



10' 



Again, Jl + x - Jl - x = J2. 
:. l+x+l'-x-2y/l-a^=2yhy squaring. 

- jT^^a^ = 0; 

or, 1 - ar^ = 0, 

x" = 1, 
a; -= ± 1, 

47. We add a few examples of simple equations, 
worked out for the assistance of the student. 

,, . 1 1 X 

(1.) + = -2—12 ' 

^ ' a — X a + X a**— ar 



Since « + '« + «-«' * 



{a — x){a -{- x) a* — x?' 
2 a X 

c^ — :i^~ €? — x^^ 
.\ X = 2 a. 



a; + 2 a; + 3 a;'- + 5 a; + 6* 

Here it is evident that (a; + 2) (a; + 3) = ar* 4- 5 a; + 6. 
Multiplying by the L.C.M. of the denominators — 

4 (a; + 3) + 7 (a; + 2) = 37, 
11 a; + 26 = 37, 
11a; = 11, 
and a; = 1. 
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Since A can do the work in 9 days, he can do } of the 
vrork in 1 day. 

Similarly B can do ^\ of the work in 1 day. 

Let X = the number of days required. 
Then A does g of the work, 

OS 

and B does ,-« of the work. 

X - X 

Now Q of the work + j-^ of the work = the whole work, 

_ a? X 
Hence we concltide that ^ + j^ = 1, 

or 12 a? + 9 aj = 84, 
21 a = 84, 
a; = 4 days.* 

Again: A and B lay a wager of 10s.; if A loses he 
will have 25s. less than twice as much as B will then 
have; but if B loses he will have i^V of what A will then 
have. How much money had each ? 

Let X = what A has. 

Then, if A loses, he will have x — 10s., which is 25s. 
less than twice what B now has. Therefore — 

a: — 10 + 25 = twice what B now has. 
.'. Wa: + 15) = what B now has. 

.-. J (» + 15)— 10 = what B had at first, since B 
won the bet. 

* It will be useful to compare the arithmetical solution of the 
question. 

Since A does the work in 9 days, he does \ in one day. 
Siilce B does the work in 12 days, he does -^ in 1 day. 
Therefore together they do ^ + ^ = H, in 1 day. 

Hence they can do the whole in rr = |f = 4 days. 

In both processes we take the same step, passing from the con- 
crete term, "the whole work," to the abstract tenn, unity. 
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Now, consider the second condition of the question, 
when A wins. Thus — 

J (a; + 15) - 10 - 10 - t\ {^ + 10). 

This is the simple equation resulting from the problem. 
Multiply each term by 34. Then — 

17 (x + 15) - 680 = 10 (a: + 10), 
or 17 a;- 10 a; = 100 + 680-255, 
or 7a; = 525, 
and a; = 76 shillings. 

Thus, A at first had 75 shillings, and B had 
J (a; + 15) - 10 = 35 shiUings. 

Simple Equations involving more than one 
Unknown Quantity. 

50. Here we must have as many separate and distinct 
equations as there are unknown quantities. Such equa- 
tions are called simultaneous. 

I. For Two Unknown Quantities, 

There are three modes of solution. 

(1.) Multiply one or both equations throughout, so as to 
make the co-efficients of one unknown the same in both. 
Add or subtract corresponding sides of the equations, 
according as the signs are different or alike ; which will 
cause one unknown to disappear. The resulting equa- 
tion will only involve the other unknown. Solve this 
by the preceding rules ; and, to obtain the value of the 
other unknown, substitute the value just found in either 
of the original equations. 

Thus : 2x + 3i/ = 7...L 



= 7...L ) 
= 0...ii. J 

Multiply (i.) by 2, and (ii.) by 3. 



X - 2y 



4a; + Qy = 14 ) 
3a; - 6y = 0/ 
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Add; then 

7x = 14, 
X = 2. 

Now (L) becomes 4 + 3 y = 7, and y = 1. 

(2.) Find the value of one unknown in terms of the 
other, from each equation separately; and equate these 
values. 

Thus : from (L) x =. — "" ^, 
from (iL) x = 2 y. 



7-3y = 4y, 

y = 1 ; and a = 2 y - 2. 

(3.) Find the value of one unknown in terms of the 
other from one of the equations, and substitute this value 
in the other. 

Thus : from (L) x = '^ " ^^, 

.'. (iL) becomes —^ — ^ - 2 y = 0, 
... 7-3y-4y = 0, 

/. y = 1 ; and a; = "^ ^ == ^ = 2. 

IL — For Three or more Unknown Quantities. 

61. Apply any of the processes just described to the 
equations, taken two at a time ; aiming at the elimination 
of two or more unknowns, so as to get a simple equation 
of one unknown. 

Example. — 2x + 3y + 4« = 58... i^ 
3x + 2y - z = 16... ii > 
4a; - 2y + 2« = 20...iii j 
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Eliminate z from (L) and (u.) ; and from (il) and (iii.): 

Ux + lly = 122) ... 

10a; + 2y= 52/ ^^' 

By multiplication these become : 

28 a: + 22 y = 244 ) 
110a; + 22 y = 572/ 

By subtraction : 

82 a; = 328 

From (A), the simplest of the secondary equations^ we 
find y = 6 ; and from (ii.), « = 8. 

Examples of Problems producing Simultaneous 

Equations. 

63. There are two numbers whose sum is a, and tiieir 
difference is two-thirds of the greater. Find them. 

Let X = the greater, 
and y ^ the less. 

Then x -k- y = a 
and X 



■\r y = a \ 

2x\ 



:. 2 a; = a + -— , (by addition,) 

4a; 

.. _ = a, 

3 

3a 

a; = _. 

Also, y » a - X = - • 

Again : A certain number of two digits contains the 
sum of its digits four times, and their product twice. 
What is the number ? 



118 ALGEBRA. 

Let X = the units' figure, 
y = the tens' figure. 

Then 10 y + a; = 4 (a; + y) | /^v 

lOy + X = 2xy J ^ ^ 

/. 4:{x + y) = 2x1/, 

,\ 2 X — ocy ~ -- 2 y, 
a;(2-y) = -2y, 

-2y _2y 



X = 



2-y 2/-2' 



Substituting this value of a; in the second equation of 
(A), we have 

or, 5 + — ^ = — - ^, 

or, 5 (2/- 2) + 1 = 2y. 

.-. 3y = 9, 
y = 3, 

and 03 = — ^ = - = 6. 
2/-2 1 

Therefore the number is 36. 

53. Examples on Simple Equations. 

I. Solve the equations : 

(1.) 2x+1 = 17. (2.) 3aj- 5 = a;+l. 

(3.) 23-a; = 6a; + 2. (4.) {a;+ 1) (a;-3) = ar^- 13. 

(7.) •(« + 9) (2 a;- 3) = 2 (a; + 1) (a;- 1). 
aB" + 27 a; + 3 



<8.) 



3 a; + 1 3" 
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(9.)a; + y = 5) (10.) 2a; + 3^ = 22 ) 

(11.) 3x-2y= 46) (12.) 3(x + y) = 90\ 
9x + 6y = 215i' 5a;-2y-69/* 

(13.) x + y-z^^'^ (14.) 2x 

x-y + z — 2 >• 4:X 

y+z-x=0 ) 5x 

(15.) 22a;+31y-16/>= 279) 
13a;-172^+12«= -18 V» 
15a.-. 3y- 6«= 39J 

(16.) Divide 30 into two parts such that otie shall be 
four times the other. 

(17.) Find a numbet such that six times its half are 
equal to five times its third part. 

(18.) Divide £10. lOs. between A and B, so that A may 
receive J of what B receives. 

(19.) A and B working together can do a piece of work 
in 13 days. A works three times as hard as B ; in what 
time could he do the work alone 1 

(20.) I buy a spade, a rake, and a hoe, for l'2si 6d., and 
give 3d. more for the rake than the hoe; but 4s. more for 
tbe spade than the rake. What did each cost 1 

(21.) Into a cistern two thirds full are poured 12 
gallons ; and it is then three fourths full. How many 
gallons will it hold ? 

(22.) A certain fraction becomes ^ when 1 is added to 
its denominator, and 1 when 1 is added to its numera- 
tor. What is ike fraction 1 

(23.) A and B play for 5s. If A wins, he has as 
mtich as B ; but if he loses, he has only a third as tauch 
as B. How much has each of them 1 

(24.) There is a number of two digits. If the first, ot* 
tens* digit, be increased by 5, the nUmbet is made three 
times larger. If the second, or imits' digit, be increased 
by 3, the number is equal to four times the sum of the 
original digits. What is the number 1 
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(25.) A and B working together could finish a piece of 
work in k days. They worked together c days, when A 
was called away, and B finished the work in p days. In 
what time could each do it alone ? 

(26.) A person after paying a poor-rate, and also an 
income-tax of 7d. in the pound, has £486 remaining. The 
poor-rate is £22. 10s. more than the income-tax. Find 
the oiftginal income, and the number of pence per pound 
in the poor-rate. 

(27.) When are the hands of a clock together between 
3 and 4? 

(28.) There are two nimibers whose sum is 3 a, and 
their difference a. Find them. 

(29.) Find three numbers such that the first is to the 
second, as the second to the third ; the third is 9 times 
the first, and the sum of the first and second is 12. 

(30.) There is a number of four digits : the sum of the 
digits is 21 ; the third digit is twice the first ; the sum of 
the first and last is twice the second; and if 4086 be 
added to the number, the digits will be inverted. What 
is the number 1 



r 
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A. To prove the rule for finding the G.C.M. of two 
expressions. (See Arith, § 35 ; Alg. \ 32.) 

Let X, F, denote the two expres- 
sions. Divide Y by X, and let 'p X)Y (p 
denote the quotient, and Z the pX 

remainder, that is, Y-pX. Divide ZYXTq 

X by Zj and let q denote the quo- gZ 

tient, and W = X - qZ, the re- W)Z(r 

mainder. Repeat this process until ^ j^ 

there is no remainder. Suppose — 

W{= X - qZ), the last divisor. 

Then W divides Z without remainder ; therefore it 
must divide W+ qZ, or X, without remainder ; and there- 
fore also it must divide Z + pX, or F, without remainder. 
Hence W is a common measure of X and Y. 

And as W is the greatest measure of itself, and as 
every measure of X and Y inust be a measure of Y-pX, 
or Z, and therefore of X - qZj or W, it follows that W 
is the greatest common measure of X and Y, 

B. To illustrate the rule for converting a vulgar 
fraction into a decimal. (Arith, § 16.) 

Let ^ represent the vulgar fraction ; a;, the significant 



figures of the decimal ; y, the number of O's assumed in 
the division. 

Then^ = "= 



b (10)* 

r . « _ « X (10)' 
i "* 6 — 
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Hence, if the numerator be multiplied by any power of 
10, and this ptxxiuct be divided by the denominator, the 
quotient will give the significant figures of the decimal, 
and the number of decimal places will be the same as the 
index of the power of 10. 

C. To prove the rule for finding a vulgar fraction 
equivalent to a given recurring decimal. (ArUh, § 57.) 

Let a represent the non-recurring decimal figures, and 
let m = their number. 

Let k represent the recurring figures, and let n = their 
number. 

Let F represent the whole decimal, and let a? = its 
Value. 

Then x = I*^ 

(10)** a? = k + the recurring period, 
(10)*" X = a + the recurring period. 

Hence, (10)" - (10)"* x = k - a; 

k - a 
("10)«-(10)"'. 

Now (10)* - (10)*", where n is greater than w, will 
always consist of w - m 9's, followed by m O's. 

Hence the rule : Take for the numerator of the vul- 
gar fraction^ the figures to the end of the first period, 
diminished by the non-<drculating part; and for the 
denominator, as many 9's as there are circulating 
figures, followed by as many O's as there are non- 
circulating figures. 

Example.— -32689 

Let X = ^32689 689 

then 100000 a; = 32689 • 689 

100 a; = 32 -689 

lience,(100000^100)a; = 32689 - 32 

32657. 

* " 99900 
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D. Annuities. — (Aritk^ § 96 J — ^By aid of algebraical 
symbols we can find a formula which enables us to find 
the present value of any annuity, whether the interest 
be reckoned as simple or compound. In both cases, 
however, we have to assume residts beyond the stage to 
which we are limited in this volume. "We will merely 
give the formula when the interest is reckoned as simple. 

Here we must assume that the sum of the first n 

n(n + 1) 
natural numbers (1, 2, 3 ... w) = ^ — 

Now let F denote the value of the annuity, which con- 
sists of A pounds, payable yearly for n years ; and let r 
denote the ratio of increase of the simple interest. 

(Thus, if interest be reckoned at 5 per cent., r = jj^ 

= A.) 

Then the simple interest on F pounds for n years, at 
the rate r, = Fnr. 

And as the interest must be reckoned on each payment 
of the annuity except the last, the sum of these interests 

will be (1 + 2 + 3 + ... + iT^Tl) rA = ^^^ ^ ^ rA^ 
as assumed. 

Hence, F + Fnr = nA + ^ — rA ; 



^ nA + i^n(n - l^-^. 



Suppose the annuity to be £100^ for 100 yearsj at 6 
per cent. 

Tien, P = XlOO (^^LL^^ULJ,) 

£17375 
3 ' 
- £5791. 13s. 4d. 



SOLUTIONS OF THE QUESTIONS 

SET AT THE GOVERNMENT EXAMINATIONS 

OF SCIENCE SCHOOLS, 

From 1867 to 1872. 



1867. 

[In this and the following year, students were divided 
into five classes, and a paper of twelve questions was set 
to the lowest three. Of these questions the following 
three only were of a nature corresponding to the present 
First Stage.] 

2. SolvMhe „„.!«. «-±i*i±i = ,; 

and the equation (3 aj - 1)^ + (4 a;- 2)^ = (6 a; - 3)1 

(L) L.C.M. = 6. Multiply by 6 throughout. 

Then 2 (a; + 2) + 3 (a? + 3) = 6 aj ; 
or, 2 a; + 3 03 - 6 a; = - 4 - 9, &c. 

(See Alg,^ 45.) 

(ii.) Square the binomial expressions. 

Thus, (9 ar^ - 6 a; + 1) + (16 ar» - 16 aj + 4) 

= (25ar^- 30a; + 9). 

or, 25 a;2 - 22 a; + 5 = 25 a;2 _ 30 aj + 9 

- 22 a; + 30 a; = 9 - 5, &c. 

(See Alg. § 46.) 

3. Find the least common multiple of 16, 24, and 30, 
and explain the method. 
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The greatest common measure of 16 and 24 = 8, 

.-. the least common multiple of 16 and 24: = ^ x 24 

= 2 X 24 = 48. 

The greatest common measure of 48 and 30 = 6, 

. •. the least common multiple of 4S and 30, that is, of 
16, 24, and 30, = V x 30 = 8 x 30 = 240. 

Or, 

16 = 2 X 2 X 2 X 2 ) .-. L.C.M. of 16, 24, and 30 
24 = 2x2x2x3V =(2x2x2x2)x3x5 
30 = 2x3x5 j =16x3x5 = 240. 

(For the explanation of the methods, see Ari^. ^ 36, 37.) 

5. Find the square root of 26 to four places of decimals. 

26(5-099 
25 

1009 



10000 
9081 



10189 



91900 
91701 



199 



And similarly, to find one more figure of the root. 

(See AritL §§ 60, 61.) 



18 68. 

[In this year twelve questions were set to the three 
lowest grades ; and out of these the following five corre- 
sponded to the present First Stage.] 

1. Calculate to four places of decimals the value of this 
expression : — 

^ of -3141 6 

«/-93 
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(i.) By vulgar fractions partially. 



f of -31416 = f X 
|of-31416 



9'6436 ao 
1 



2 / 

V 



93 



= is%%\\ X 



1 



9'6436 60 



93(9-643650 
81 



= Tm 



i^. 



186 



and the numerator must be 
divided by the denominator. 



1924 



1200 
1116 



8400 
7696 



19283 



70400 
57849 



192866 



1255100 
1157196 



1928725 



9790400 
9643625 



146775 



(ii.) By decimals throughout 

4 oJfj31416 = 5 X -03927 = -19635. 
U -93 = 9*643650, as shown above. 



4 of -31416 



•93 



= sVAVt. 



And the numerator must be divided by the denominator. 
(The latter method is generally preferable, except where 
circulating decimals enter into the expression. It is 
alyi^ays necessary to take two or three more decimal 
places in a fraction than the number required in the 

answer. In the extraction of ;^/93 above, we have taken 
six ; and as the sixth decimal figure is 0, we may be sure 
that by taking the previous ^ije we shall obtain a correct 
result. (See Arith, §§ 60, 61). 

2. Solve the* equations : — 

(1.) 5 (4 - a;) + 3 (a? - 6) = 10. 

(2.) {x + 3)« - 3aj(4aj + 1) = 5ar» - (4a? - b)\ 
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(1.) Since 5 (4 - aj) + 3 (a; - 6) = 10, 
20 - 5a; + 3a; - 18 = 10. 

or, - 5 a; + 3 a; = 10 - 20 + 18, <kc. 

(2.) Since {x + 3)'- 3a;(4a; + 1) =6ar» -(4a; - 5)^, 
a^ + 6a; + 9 - 12ar^ - 3a; = Sa;^- 16ai» + 40a;-25, 
or, - lla;^ + 3a; + 9 = - 11 ar^ + 40 a;- 25, 
or, 3 a; - 40 a; = - 25 - 9, &c. 

(See Alg. § 46). 

3. Find the greatest common measure of 256, 116. 
116)256(2 
232 

24)116(4 
96 

20, &c. (See ArUh. § 35.) 

5. Extract the square root of 407 to two places of 
decimals. 

407(20-1 
4 

401 



700 
^401 



299, &c. (See Arith. § 61.) 

6. Show how to find a rectangular parallelogram, which 
shall have one side equal to a given line, and which shall 

Q, be equal in area to a given recti- 
lineal figure. 

Let A be the given line, and 
BCDEFG... the given recti^ 
lineal figure. 

CoNSTR.— JoinBD,BE,BF. . . 
Q Make a rectangular parallelo- 
K gram HKL equal to the 
triangle BCD. Produce KL to 
M, making LM = A ; and com 
^ plete the parallelogram HM. 
Join NL, and produce it to meet HK produced in O, 




] 


JD 


X 




M 




__^^^ 




L 



N 
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Complete the parallelograni HOFN. 

Then, since the complements are equal, LP = LH = 
ABCD. 

By the like method, apply to LM a parallelogram = 
BDE, and to successive parallel sides apply parallelo- 
grams equal to BEF, BFG, &c,, until the rectilineal 
figure BCDEFG... is exhausted. 

Then the whole rectangular parallelogram FL... shall 
be the one required. 

(Froof as in Geometry, Frop. 45.) 



1869. 

[From this year the papers for the First Stage have 
been set separately.] 

1. Explain the method of tinning a vulgar fraction 
into a decimal. (See Arith,y § 16.) 

Find the decimal fi'action equivalent to xVj to four 
2>laces. (10.) 

113)16 (U... 
113 

470 
452 

18, <fec. 

* 2. Extract the square root of 141*7 to two places of 
decimals. (10.) 

i4i-7(ll-8 
1 

21 



41 
21 



228' 



2000 
1824 



176, &c. 

(See Arith., § 61.) 
5 E I 
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* 3. Show that parallelograms and triangles upon the 
same base and between the same parallels are equal to 
one another. (10.) 

(This appears to mean that parallelograms on the same 
base and between the same parallels are equal , and also 
that triangles on the same base and between the same 
parallels are equal. See Geometry, Props. 35, 37.) 

* 6. Divide a« - 3aV + 3aV - a/' by a'- 3 (k^x + 3 
aoi?-a?, (10.) 

a' - 3a2aj + 3aa^ - aj»)a« - 3aV + 3aV - iB«(a» + 3a2aj + 3aar^ 

fl«-3a»iB + 3aV-aV 

3a»aj-6aV + aV + 3aV 
3a'^a;- 9 ftV + 9 aV- 3a^a;^ 

3aW-8aV+6aV 

3 a*a^ - 9 a V + 9 a V -- 3 oar ^ 

— &c. 
7. Solve the equations : — 

*/, v5a5-6 2aj-13 05+7 /o\ 
(1.) — 9 -3- - -3-' (8.) 

(2.) X - -^ = 6f - __ + J. (8.) 

(1.) Since ^ - 2^ = ^. multiply 

throughout by the L.C.M., 9. 

Then 5 a? - 6 - 3 (2 a; - 13) = 3 (aj + 7) 
5aj - 6a; - 3aj = 21 +6 -39,&o. (^%r., § 45.) 

/o\ a- aj - 2 23 10 + a; , a; ,.. , 

(2.) Smce x - — - — ~ -j "" — k — "*" 2> multiply 

throughout by the L.C.M., 60. 

Then 60 aj - 20 (a? - 2) = 345 - 120 - 12 aj + 15 x; 
or, 60 a; - 20 a; + 12 a? - 15 a: = 346 - 120 - 40, &c. 

{Alg,, § 45.) 

(The remaining questions of this paper — seven — are 
beyond the present requirements of tiie First Stage. 
Those marked with an asterisk were recommended to be 
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attempted first, as being the simplesi The numbers after 
the questions represent the value given for a correct 
solution.) 

1870. 

pIfSTBUCTIONS. 

You are only permitted to attempt eight questions. 
You may select these from any part of the paper. The 
value attached to each question is the same (12), except 
the two last, which are worth (16), only one of which 
may be taken,] 

1, Fmd the numencal value of . - + —, — =-^ — > 

when a = 6, 6 = 6, c = 4, to two places of decimals. 
Whena = 6, 6 = 6, c = 4, 

aU-^JW^ c V?n 25 + V36 - 25 4^16+7 
a^- VP^' ■*■ 6 v/^To ■" 25 - V36-25"*" 6^34 

_ 2 ^+ ^11 2^17 
""25- Vri'*^3V34 

25+ VU V2 /^,,2Vl7 V2.J2.^17Y 
25-.Vir 3 V 3V34 _ 3:V2.Vl7>' 

r 11(3-316621 _ 28-31662 ^^\^ 
L 9 J " 2R833'8 + 3 ' ^* 



63 

661 

6626 



200 
189 



1100 
661 

43900 
39756 



(6326 414400 
39795^_ 

663262 jl 644400 

I &c. (See Alfj,, §§ 1—13; Arith.^ § 61.) 
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2. Convert -j^^ into a decimal fraction ; and find the 
vulgar fraction corresponding to the recurring decimal 

•22297. 

(l.) 128)l-000(-007 

896 

104, &o. 
(2.) .2229U2?||--E<fec. 

(See^r£<A.,§§16, 57.) 

3. Find the G.C.M. of 48 ai» + 16 a - 15 and 24 or' 
- 22 jr" + 17 a: - 5 ; and the L.C.M. of 4 ^» - 9 2/^, 4 P 
-2/»,4A^-8Ay+3y»,4Ar» + 4A:y-33/^,4A;«-4A;y-32r', 

(1.) 24a^ - 22a^ + 17a; - 5 

2_ 

.•.48ar'+ 16a;- 15)48 a^ - 44 a;^ + 34 a;- 10(x - 5 

48a;» + 16 a^- 15a; 

- 60 a;" + 49 a; - 10 

4 



- 240 ar^H- 196a; -40 
-240ar»- 80a; + 75 



23 I 276a; -115 



12 a;- 5 
12 a? - 5)48 ar» + 16 a; - 15( &c. (See Alg., § 32). 
(Here the multiplication of the first dividend by 2, and 
of the partial dividend by 4, and the subsequent division 
by 23, were necessary in order to avoid the occurrence of 
fractions.) 

(2.) 4P- 9i/' = (2k + 3y){2k-'3y). 
4A;»- y» = (2X; + y) 2A;-y). 
4A;»-8%+ 3y» = (2A;- 3y)(2A;- y). 
41^ + ^hj-Sf^ {2k + 3y){2k -y), 
4Ar»-4%-3y«= l2k-Zy){2k + y). 
4^»+ 8A:y + 3?/= (2 A; + 3y) {2k + y). 

.-. L.C.M. = (2k + 3y){2k-'3y){2k + y){2k''y) 

&c. (See Alff,^ § 33.) 
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4. If one side of a triangle be produced,, the exterior 
angle is greater than either of the interior opposite angles. 
Prove this. (See Geom,, Prop. 14.) 

5. Show how to construct a triangle of which the sides 
shall be equal to three given straight lines. 

(See Geom,y Prop. 20.) 

Why must any two be greater than the third 1 Show 
by figure what will happen if this condition be not ob- 
served. 

It was proved in a previous proposition (Geom,, Prop. 
18) that any two 
sides of a triangle 
must be greater 
than the thuxL 

If this condition 5 E ^ a i^ 

be not observed, if, for instance (taking the figure of 
Prop. 20), GH' be greater than GF and FD together, that 
is, greater than GD, it is manifest that the circles DK, 
H'K' will never meet, as the construction assumes them 
to do. 

If GH = GD, the circles will meet in D, and the 
triangle becomes a straight line. 

*A like thing would happen if DF or FG were greater 
than the other two together. 

6. All the interior angles of a triangle are equal to two 
right angles. Prove this. {Geom., Prop. 31.) 

What is the sum of all the interior angles in a figure 
of seven sides 1 

Prop. 32 shows that all the inner angles of a figure, 
together with 4 right angles = twice as many right 
angles as the figure ha« sides. 

Here the figure has 7 sides. 

Therefore, the inner angles + 4 right angles = 14 right 
angles, or, the inner angles alone =10 right angles. 

7. Raise ^ 05 + ^ a? — J a^ to its third power, by mul- 
tiplication. 
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^x + ^aj* — \a^ 
ix + i«"- ia^ 

Andy similarly, one more step. {^h-* §§ ^^» ^^)* 

Or, J^a; + iiB»-Ja:f = TJ,(6aj + 4aj*-3;^;and 
we may cube the expression in the bitusket, and prefix 

But in examination, it would be better to employ the 
first method, as that is clearly what is desired. 

8. Prove that o"* x a** = a"' + ** when (m) (n) are posi- 
tive whole numbers ; show that the same rtde holds when 
either (m) or {n)f or both, are negative integers; and 
show that a!" = 1. (Bee Alg., §§ 5, 21, 24, 26.) 

9. Solve two of the following equations: — 

(1.) A (3 a; + I) -Jj4aj- 60 = K5a-6). 
(2.) Va + a; + Va — aj = 2 Va?. 

7 a; - 1 _ 8 x - ^ 
(3.)i ""6i- 3i " S'a;-2' 

(1.) Multiply by 14 and 3, then 9aj + 2-24aj-40 
= 105 a; - 126, &c. 

(2.) Squaring, a + a; + a — a;+ 2 *J a^ — a? = 4aj; 
a — 2 a; = — v a* — arj ; squaring again, a* — 4 oaj + 
4a? = a'--a:?; 5a^ = 4 aa;, &c. 

14 a; -2 8 (a; - ^) - (a; - 2) 7 a? ■- 2 
(3-) - 13 _ 6 a;~ 3 (a; - 2) ^ 3a; - 6* 

Or, (14 a; - 2) (3 a; - 6) = (7 a; - 2) (6 a; — 13), ifcc. 
(Alg., § 46). 

10. Describe a square upon a given straight line, and 
then inscribe another square within it^ having one of its 
angles at a given point in the sida 
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The first part of the problem consistei of Geom.^ Prop. 
46. 

Let AB be the given line ; ABCD, 
the square ; E, the given point in AB. 

Suppose the square EFGH to be in- 
scribed in ABCD as required. 

Then in the triangles AEH, BFE, 
— since the angles AEH, FEB together 
= a right angle' (Prop. 9), and also the 
angles AEH, EHA together = a right 
angle (Prop. 31) — ^the angle EAH = the angle BFE, and 
the angle A = the angle B; also EH, FE, opposite 
equal angles, are equal ; therefore the triangle AEH = 
the triangle BFE (Prop. 24). 

Hence, AE = BF. 

Now, therefore, we can give the following construction 
for the second part of the problem : — 

Cut off from BC, CD, DA, parts equal to AE ; then 
E, F, G, H, the points thus found, will be the angular 
points of the inscribed square. 

(This process of assuming that a problem has been 
solved, and deducing from the figure a method of con- 
struction, is called analysis^ and is often useful in the 
solution of problems.) 

11. K educe — 3^^= ^ — to an equivalent single 

decimal. 

Multiply each teim of the complex fraction by ^loo • 
it then becomes 

^8000 - v'l 
8 + 1*6 



20-1 
9-5 . 



, by extraction of the roots, 
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(The muliiplicatLOii by ^lOO was suggested by the 
appearance of tbe surd quantities ^0 Mid ^^ ; for 
8000 and 1 are manifestly cubes. 

See Alg., § 28.) 

Or, 

12. Show that if aj = (^5-^) '^ 

-i^-HA' / « + ^ \ -!f- 2 (a' + ft') 

"" ^^TT'^'v^r::"*/ ''•(« + 6)^ 



1871. 

[Instructions. 

No student will obtain a cla^ unless he^ gains fair 
marks in two of the three subjects, Arithmetic, Algebra, 
Geometry. 

Not more than eight questions are to be answered, of 
which there must be at least two in Arithmetic, two in 
Algebra, and two in Greomeiry. 

The value attached to each question is the cjame.] 

1. Findthe numerical value of «-<^^=^,whena = 3, 

V6* — a, 

5 = 4, c = 5, to two places of decimals. 
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a{h = sIcY 3 (4 - sjbf 3 (16 - 8 n/5 + 5) 



'L2 1 



x/16-9 



V7 



r7(2-6457... 35(5*9160.. q 63-8V5 



46 
524 



L4_ 

300 
276 



25 



]- 



2400 
2096 



109 
1181 



1000 
981 



V7 
63 V7 - 8 n/35 



5285 



30400 11826 
26425 



1900 
1181 

71900 
70956 



= 23-8113 -6-7608, Ac. 



3975 



1944 



(Here it will be noticed that if we had not taken four 
figures of the root of 7, we should have had 23-80... in 
place of 23-81, which would have given an incorrect 
result. Whenever the digit next after the number 
required in the answer is 0, as in 6*7608, we need not 
take account of the next digit.) 

(See Arith,, § 61.) 

2. Find two numbers, whose sum shall be 8, and their 
difference '6. 

Let X = one number, 
then 8 - cc = the other. 
.*. ic - (8 - fic) = -6, 

2 aj = 8-6, <kc. {Alg,, § 47, 48.) 

3. Divide a? - xfjf + ^ hy aP - ogi/ + ^. 

aP - of y + 03*^ 

- aP y^+ a^p* - aPi/^ 

4S^a 
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4. Define a right angle, parallel lines, square, parallelo- 
gram, diagonal, complement. (See Geometiy, Definitions 
9, 29, 25, 30, 32, and 37.) 

5. If two triangles liave two sides of the one eqllal to 
two sides of the other, and likewise their bases equal, the 
triangles shall be equal in every respect. (See Geom,, 
Prop. 4.) 

6. The interior angles of a triangle are together equal 
to two right angles. Prove this. {Ge(ym., Prop* 31.) 

Define the exterior angle of a triangle, and, according 
to your definition, find the sum of the exterior angles. 

/>^ — ^If any side of a tri- 
angle be produced, the angle 
formed adjacent to the inte- 
rior angle is called exterior. 
By the sum of the exterior 
emgles is meant the sum of 
the three exterior angles made 
by produciug the sides suc- 
cessively in the same direc- 
tion. Let the sides BA, AC, 
CB, of the triangle ABC, be produced to D, F, E. 

Then every exterior angle, together with its adjacent 
interior angle, is equal to two right angles (Prop, 9). 

Therefore the three exterior angles, together with the 
three inteiior angles, are eqiial to six right angles. 

But, by the Proposition just proved, the three interior 
angles = two right angles. 

Therefore the sum of the exterior angles of a triangle 
= four right angles. 

(The student should always remember to pay close at- 
tention to the wording of a question. In this case we 
are asked to solve the problem " according to our defini- 
tion." Now, without the second part of the definition 
above given, the sides might have been supposed to bo. 
produced in both directions, and we should have had six 
adjacent exterior angles; the sum of which would be 
eight right angles."^ 
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7. FarallelC]vrams on the same base and between 
parallels are equal to one another. (Geom., Prop. 35.) 

8. Explain clearly why the product of a negative 
quantity, in algebra, by a negative quantity must have 
the positive sign. i^^*} § 22.) 

9. Solve two of the following equations : — 

^'32 3 

(2 > ^^_5 + 7 a; - 3 _ 16 a! + 15 2j- 
^'' U 6a! + 2 28 7 ' 

(3.) ^^-'^ =a. 
^ ' (1 - a!)'' 

(4.) \/x + I + Va; - 1 = -7==- 

Wx + 1 

(1.) 2 (a; - 5) + 3 a; = 72 - 2 (aj -10) 
2 a; + 3 a; + 2 a; = 72 + 20 + 10, <fcc. 

/o\ 8a; + 5 7aj-3 16aj+ 15 . 9 
(Is,) I = + — 

^ ^ U 6a; + 2 28 28 

_ 16 a? + 24 

28 

4a; + 6 

= — 7— > 

7^-3 7 
or, — — — L 

' 6aj + 2"14"*' 

7aj-3 = 3a; + 1, ifea 

(3.) A quadratic. 

, , 2 

(4.) va; + 1 + va; - 1 = / ■,- ■ ^ 

^ ' V a; + 1 * 

.•. a; + 1 + Jix^ -1 = 2 

V i^ - 1 = 1 - a; 
or, squaring, ai* - 1 = 1 - 2 a; + a?, &c. 
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10. Keduce ^^ («« + 6» - c») + ^-^ (5« + c' - a«) 
+ {a^ + (? — 5*), to its simplest form. 

The expression = (|- + ^ («' + ** - ^ + (" + x) 

(6« + c»- a«) + (- + i) (a« + c» - 6^ = a + 6 + j' + - 

(^ (? ^ h (? a? a^ a^ <? 

— ; + C + 6+ -+r r+c + a + - + - 

o a coco c a 

- -- -» ^^^^ fractions disappear. 
c a 

11. A foreman has 116 half-crowns, and wants to pay 
50 men, some at 6s. 6d., and some at 5s. 6d. He finds 
he can do this without change by paying them .in groups. 
How many are there in each group ? 

Suppose there are x men in one group, 
then there are 50 - a; in the other. 
The X men receive 13 a; sixpences (in half-crowns), 
the 50-03 men receive 1 1 (50 - x) sixpences (in half-crowns). 
.-. 13 aj + 11 (50 - a:) = 580, <fec. {Alg,, § 47.) 

12. Reduce /— ,^ to its simplest form. 

Divide each term by ^f- then the expression 

becomes 

V'2 5 - V'OQ 

V-5" - V^ 
= V-5 + nA3 {Alg., § 23, iiL) 

which can be easily worked out. 

13. In any triangle parallelograms are described upon 
AB, AC, the sides containing the angle A. If the sides 
parallel to AB, AC be produced to meet in X, and AX 
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be joined, a parallelograui described on BC, with its sides 
parallel and equal to AX, will be equal to the two 
parallelograms dtocribed upon the sides. 

Let ABDE, ACFG, 
BCHK be the parallelo- 
grams. Produce XA to 
<neet HK in L j and join 
AK, EX. 

Then BKLM = 
BKAX, because BK, 
LX are parallel, and 
BKAX is a parallelo- 
gram. (Geom,y Prop. 33 
(md 35.) 

And BKAX is double of the triangle B AX. 

And therefore = BAED, because BA, DX are 
parallel. 

Hence BKLM = BAED. 

Similarly MCHL = ACFG. 

Therefore the whole BKHC = the two BAED and 
ACFG. 

1872. 

[Instructions. 

The paper is divided into three sections. You are not 
to answer more than eight questions. Ko student can 
be passed who omits altogether one section.] 

Section L — Arithmetic. 

1. Show by an easy example that division of one 
whole number by another is equivalent to a series of 
subtractions. 

Divide 1-02 by H of -144. 

(i) 23 ^ 4 = 6 + (3 •: 4). 

By Subi/rcLction — 

23-4( = 19)-4(=15)-4(-ll)-4( = 7)-4( = 3)i 
which shows that 4 is contained in 23 £ve times. 
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By Divisionr— 4)23(1 4)11(1 

_A • 4 

4)19(1 4)"T(1 

4 4 

4)16(1 -^ 
4 

2. If a parcel of 12 lbs. weight is carried 80 miles by 
rail for 2s. 4d., and the rate for the dist£Mtice over 50 
miles is two-thirds of the rate for the first 50 miles, how 
far can a parcel of 8 lbs. be carried for 4d.? 

2s. 4d. = charge for 50 miles ; 

+ I of I of the charge for 50 miles ; 
or, 28d. = -J of the charge for 50 miles ; 

4(1, = -J: „ „ 

and 20d. = the charge for the first 50 miles ; 
that is, 12 lbs. are carried 50 miles for 20d. ; 

1 lb. is carried 600 miles for 20d. (at the same rate); 
8 lbs. are carried 75 miles for 20d.; 
8 lbs. are carried 15 miles for 4d. 

3. If the 3 per cents, are at 91^, what interest does this 

give on £1 00 1 (Omit brokerage and fractions of a penny). 

« . 100 ,^^ 
Interest = £^ x gj-r x 100. 

4. How many lbs. in '321875 of a ton weight? Con- 
vert it into kilogrammes (omitting fractions), assuming 
that a cubic decimetre of distilled water weighs 15432*35 
grains. 

(i.) Multiply -321875 by 20 x 4 x 28. 
(ii.) See Metrical System, p. 64. 

Section n.— Geoiietby. 

5. Define an angle ; and show how to divide a given 
angle, traced upon paper, into two equal parts, with a 
ruler and compass ; and show that your method is a true 
one. (See GeometrUj Def. 7 and Pp(^. 5.) 

6. Show that any two sides ox a triangle must together 
be greater than the third side. Given three straight 



SOLUTIONS. 



143 



lines, make a triangle whose sides shall be equal to them ; 
and show how the construction fails in certain oases. 
(See Geometry, Prop. 18; also question 5 for 1870.) 

T, Define a right angle; show how, mechanicalljr, to 
prove that the two acute angles of a right-angled triangle 
are together equal to a right angle, by an independent 
method. (See GeomsPryy "Dei, 9.) 

(ii.) Cut a piece of paper, ABC, in the 
form of a right-angled triangle, C being 
the right angle. Bisect AB in D. Fold the 
paper so that A falls on C. Then DC = 
DA = DB. Therefore, DBC is an isosceles 
triangle, and angle DBC = angle DCB. 
And the acute angles at A and B = DCA 
+ DBC = the right angle C. 

8. Define a rhorabua and its diagormls. Prove that 
the diagonals of a rhombus bisect each 

other at right angles. 

(See Geom,, Def. 26 and 32.) 

(ii) The diagonals bisect each other. 

Therefore the three sides of the triangles AEB, BED, 
DEC, CEA are all equal. 

Therefore the four angles at E are equal. Heuce each 
of them is a right angle. 

9. The square upon one side of a triangle is known to 
be equal to the sum of the squares on the two other sides ; 
prove that the angle contained by those two sides must 
be a right angle. (See Geom,, Prop. 48.) 




Section III. — ^Algebra. 

10. If a = 4; 6 = 3; c = 11 j a; = 6; find the numerical 

value of 

»Jab + 4aj — Ja^ + h^ 

vV6« - 4c - >/'nrr27ar=T)- 

(See .4^., § 1—13.) . 
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« 

11. Divide ic' + fcy* — 2/^bya;* — a:y + ^. 

12. Find the least common multiple of 

7 (a* - ar'), 9 (a + x)\ 16 {a - x), 3 (a" + a*), 21 (a*-aJ*). 

13. Solve two of the equations : — 

(1.) ^(5a;- 1) -6(22-3ic) = 2aj-3; 



(2.) 



(3.) 



X X — a c? 



a> 



ic + a X (a? — a) 

?-^ = l (L) 

5 7 ^ ^ 

5 3 ' 



Multiply by the L.C.D*s. 

7a;-5y = 35\ 

32/-5aj = 30) 
Multiply the first by 5, and the second by 7 ; 

35iB- 25y = 175 \ 
-35aj + 21y = 210 J 

and so forth. 

14. A train carrying three classes of passengers at 6d., 
4d., and 3d., has eight times as many third-class passen- 
gers as there are of the second-class ; and seven times as 
many second-class passengers as there are of the .first- 
class. The whole sum received was ^19. 7s. 2d. How 
many first-class tickets were issued % 

Let X = the number of first-class passengers, 
then 1 X = the number of second-class passengers, 
and 56 a; = the number of third-class passengers. 
.'. 6 as + 28 a; + 168 x = the number of pence in 
i>19. 7s. 2d. And so on. 



WILLIAM COLLINS, AND CO., FBlNT£ilS, GLASGOW. 



William CoUins, Sons, & Co.'s Educational Works. 



COLLINS' SERIES OF FIRST-GLASS SCHOOL ATLASES, 

CarefuUy Constructed and Engraved from the best and latest jiuthorities, and 
Beautifully Printed in ColourSj on Superfine Cream Wove Paper, 

Ik^ODKRN GEOGRAPHY— Grown Series^ i. d, 

MY FIRST ATLAS, consisting of 12 Maps, 9 inches by 7J inches, 

folded 8vo, in Neat Wrapper, ... ... ... ... ... o 6 

THE PRIMARY ATLAS^, consisting of 16 Maps, 9 inches by 7J 

inches, 4to, Stiff Wrapper, ».. ... c. ... ... ... o 6 

THE POCKET ATLAS, consisting of 16 Maps, folded in 8vo, and 

mounted on Guards, cloth lettered, ... ... J o 

THE JUNIOR, OR YOUNG CHILD'S ATLAS, consisting of 1 6 

Maps, 4to, with 16 pp. of Questions on the Maps, in Neat JVrapper, i o 
THE STANDARD SCHOOL ATLAS, condsting of 24 Maps, 

Crown 4to, in Neat Wrapper, i o 

THE PROGRESSIVE ATLAS, consisting of 32 Maps, 9 inches by 

7i inches, 4to, cloth lettered, 1 ... » 2 o 

THE CROWN ATLAS, consisting of 32 Maps, on- Guards, vdth 

Index, 8vo, cloth lettered, ... ... 2. 6 

THE NATIONAL ATLAS, consisting o^ 32 Maps, 4to, with a 

Copious Index, cloth lettered, 2 6 



MODKRN GEOGRAPHY— Imperial Series. 

THE SELECTED ATLAS, consisting of 16 Maps, Imperial 4to, zi 
by 13 inches, Stiff Cover, ' 

THE PORTABLE ATLAS, consisting of i6 Maps, folded Imperial 
8vo, cloth lettered, 

THE ADVANCED ATLAS^ consisting of 32 Maps, Imperial 410, 
cloth lettered, 

THE ACADEMIC ATLAS, consisting of 32, Maps, Imperial 4to, 
with a Copious Index, cloth lettered, 

THE STUDENT'S ATLAS, consisting of 32 Maps, and 6 Ancient 
Maps, with a Copious Index, Imperial 8 vo, cloth lettered, 

THE COLLEGIATE ATLAS, consisting of 32 Modem, 16 Historical; 
and 2 Ancient Maps, mounted on Guards, ^th a Copious Index, 
Imperial 8vo, cloth lettered, ' 

THE INTERNATIONAL ATLAS, consisting of 32 Modem, 16 
Historical, and 14 Maps of Classical Geography, with Descriptive 
Letterpress on Historical Geography, by W. F. Collier, LL.D.; and 
on Classical Geography, by L. Schmitz, LL:D., with Copious Indices^ 
Imperial 8vo, Cloth mounted on Guards, 



3 6 

5 o 

6 o 

7 6 



10 



PHYSICAL GKOGRAPHY— Demy Series. 

THE PRIMARY ATLAS OF PHYSICAL GEOGRAPHY, 16 
Maps, Demy 4to, 9 by II inches, Stiff Cover, i 

THE POCKET ATLAS OF PHYSICAL GEOGRAPHY, 16 Maps, 

on Guards, Demy 8vo, cloth, 2 o 



••^ 



Iiondon^ Bdinburgh, and Harriot Hill Works, Glasgow. 



-A.*- 



William OolIin»» Boxur, & Co.'8 Eduoational' Works. 



COLLINS' SERIES OF SCHOOL ATLASES-GOHTINUED. 



PHTSIGAL. GKOGRAPHY— Imperial Series. 

THE PORTABLE ATLAS OF PHYSICAL GEOGRAPHY, 20 
Maps, II by 13 inches, mounted on Guards, Imp. 8yo, cloth, ^\,. 

THE STUDENT*S ATLAS OF PHYSICAL GEodkAPHY; ^1^ 
Maps, mounted on Guards. With Letterpress Description iHxi Wood 
Engravings. By James B^cc,LL,D., F.R.G.S. Imj). Svo, cl., 



s. 



HISTORICAL GEOGRAPHY. 
THE POCKET ATLAS OF HISTORICAL GEOGRAPHY, 16 

Maps, 6^ by II inches, mounted, on Guards, Imperial i6mo, cloth, i 

THE CROWN ATLAS OF HISTORICAL GEOGRAPHY, 16 
Maps, with Letterpress Description by Wm. F. Collier, LL.D., 
Imperial i6mo, cloth, 2 

THE STUDENT'S ATLAS OF HISTORICAL GEOGRAPHY, 16 
Maps; letterpress Desctipdon by Wm. F. Collier, LL.D., 8vo, cloth, 3 



CLASSICAL GEOGRAPHY. 

THE POCKET ATLAS OF CLASSICAL GEOGRAPHY, 15 

Maps, Imperial i6mo, 6^ by 11 inches, cloth lettered, 
THE CROWN ATLAS OF CLASSICAL GEOGRAPHY, 15 Maps, 

with Descriptive Letterpress, by Leonhard Schmitz, LL.D., Imperial 

l6mo, cloth lettered, 
THE STUDENT'S ATLAS OF CLASSICAL GEOGRAPHY, 15 

Maps, Imperial 8vo, with Descriptive Lettetpress, by Leonhard 
, Schmitz, LL.D., cloth lettered, 



6 



SCRIPTURE GEOGRAPHY. 

THE ATLAS OF SCRIPTURE GEOGRAPHY, 16 Maps,, with 

Questions on each Map, StifF Cover, ... ... ... ... i o 

THE POCKET ATLAS OF SCRIPTURE GEOGRAPHY, 16 

Maps, ji by 9 inches, mounted on Guards, Imp. i6mo, cloth, ... i o 



BLANK PROJECTIONS AND OUTLINES. 

THE CROWN ATLAS OF BLANK PROJECTIONS, consisting 

of 16 Maps, Demy 4to, on Stout Drawing Paper, Stiff Wrapper, ... 
THE CROWN OUTLINE ATLAS, 16 Maps, Demy 410, Stout 

Drawing Paper, Stiff Wrapper, 

THE IMPERIAL ATLA^^^^tfJUB&QJfi^^QNS. consisting 

of J 6 Maps, Imperial 4Gf .^'sHBHHSS^HH^^^Ee^^PP^^* 
THE IMPERIAL OUTlJ ' 1HHBhHB^^^Kp» ^^^^ 

Dn^ng Paper, Stiff 



'6 



Itondont Bdinb 




Glasgow. 



